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Abstract

In this work, I have systematically examined key aspects of the Anti-de Sitter/Conformal Field
Theory (AdS/CFT) correspondence, focusing on its foundational principles, mathematical struc-
ture, and physical consequences. Central to my investigation are information-theoretic quantities
in strongly coupled field theories, approached through the powerful AdS/CFT duality. Specifically,
I have calculated the entanglement entropy for a strip-like region in the conformal field theory,
employing the Ryu-Takayanagi prescription. Rather than deriving entanglement entropy directly
from the field theory, I utilized its gravitational dual in a higher-dimensional spacetime, which
naturally leads to the notion of holographic entanglement entropy. Building on these results, I
also computed the mutual information between two strip-like subsystems, again leveraging the
holographic framework.

Beyond these measures, I explored various quantum correlation quantities relevant for mixed states.
In particular, I calculated the entanglement wedge cross-section (the gravitational dual to entan-
glement of purification) and entanglement negativity. Additionally, holographic complexity and
purification complexity were studied to further elucidate quantum information measures within
the AdS/CFT context. All such computations were carried out for A/ = 4 noncommutative su-
per Yang-Mills theory, N' = 4 dipole-deformed super Yang-Mills theory, and a uniformly boosted
N = 4 strongly coupled thermal plasma, always by analyzing their respective gravitational duals.
Furthermore, I addressed the longstanding black hole information loss paradox through the re-
cently developed island formalism, which offers a new perspective on the black hole information
problem. Within this framework, I demonstrated the essential role of mutual information between
relevant subsystems in reconstructing the Page curve. I also proposed two conjectures regarding
the connectivity of the entanglement wedge at different temporal regimes. The analysis shows
that these methods successfully reproduce the expected Page curve for eternal black holes, thereby
providing new insights into black hole information dynamics. Importantly, the proposals remain
valid for eternal black holes in both asymptotically AdS and asymptotically de Sitter spacetimes.
To give concrete evidence, I explicitly considered two black hole solutions: the eternal black hole

in JT gravity and the Schwarzschild de Sitter black hole.
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Chapter 1

Introduction and Motivation

In this chapter we have discussed various quatities which are useful to measure quantum correlation
present in a system. These quantities are very useful in the context of quantum information theory.
In this thesis I have computed some of these quantities in the context of the conformal field theory.
In the subsequent sections we have discussed these information theoretic measures in details. We
have started with the definition of pure and mixed states. Then I have moved on to discuss
von-Neumann entropy, mutual information, entanglement negativity, entanglement of purification,
complexity and complexicity of purification. After that we have discussed conformal field theory
and a bit of Einstein gravity in the prsence of the negative cosmological constant briefly. Then
we have proceed to describe the gauge/gravity duality and the holographic description of different

information theoretic quantities in details.

1.1 Some Basics of Quantum Mechanics

Quantum mechanics is one of the most fasinating subject of modern physics. It describes physcics
at very small length (Compton length) scale where classical theory does not work. In Quantum
mechanics a system is described by a complex function dependens of the position on time, called
wave function, (&, t). Time evolution of a quantum state is described by Schrédinger equation
given as following [1]

L OY(Z,t)
zh—at

= Hy(@,1) . (1.1)



H is the Hamiltonian of the system. Any dynamical observable in this theory is described by

Hermitiam operator. The expectation value of an dynamical observable is given by
L@ AN )

v (@ e (E )

There are different pictures of quantum theory, depending on which kind of problem we are dealing

(A) (1.2)

with. The above picture is named as the Schrédinger picture. There are other two pictures
Hisenberg picture and interaction picture. I will not discuss them here.

Alternatively there is another way to describe quantum mechanics which is independent of choice
of basis. It is more abstract way to describe quantum mechanics. In this formalism the state of a

system in described by |1 (t)). The wave function is the position basis can be obtained by following
(1) = (Z[Y(t)) - (1.3)

We define an operator, known as density matrix with [¢(t)), as following
o= v} (] (1.4

Alternatively instead of wavefunction, a system can also described by density matrix. In this

formalism the expectation value of a dynamical observable is given by
(A) = Tr[pA] . (1.5)
The density matrix have the follwing properties
1. It is a hermitian operator, this implies pf = p.
2. Tr[p]=1.
3. Tr[p?] < 1.
4. All the eigenvalues of the density matix is real and positive.

Depending on the third property a state is said to be either pure or mixed. A system is said to be

in pure state if
Tr[p?] = 1. (1.6)
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On the other hand, a system is said to be in mixed state if
Tr[p?] < 1. (1.7)

In the subsequent sections I have discussed different measures of qunatum correlation for both
the pure and mixed state. For pure state, the quantum correlation is measured by von-Neuman
entropy. On the other hand for mixed state there are several quantities like entanglement of

purification, entnaglement negativity etc.

1.1.1 von-Neumann entropy and quantum entanglement

von-Neumann entropy is a reliable measure of quantum correlation when the system under con-
sideration is in a pure state. One can define von-Neumann entropy for pure state in the following
manner. Let us consider a bipartite system A U B, which is in a pure state. The Hilbert space
associated with the full system can be expressed as Hap = Ha ® Hp, where H4 and Hp rep-
resents the Hilbert space associated with the subsystem A and B respectively. Now the state of
the compositie system can be wriiten as |1)) ;5. The two subsystems are said to be entangled if
the state of the composite system cannot be written as tensor product of two individual states.
This means two subsystems are said to entangled if [¢) ,5 # [1)) 4 ® |¥) 5. On the other hand
if, |Y) 45 = )4 ® 1) 5, then subsystems are said to be not entangled. Quantum entanglement
between two subsystems is quantified in interms of the von-Neumann entropy. The desnity matrix
associated with the composite system canbe written as pap = [¥ap) ® (ap|. The reduced density
matrix can be defined as pa;p = T7rp/alpan]. The von-Neumann entropy between two subsystems

can be defined as [2]
Sun(pa) = =Trlpalog(pa)] = = 3 Ailn(\) (1.8)

where \; is the ith eigenvalue of the density matrix. It can be easily shown that Syn(pa) = Sun(pB)-
The von-Neumann entropy is always a positive quantity, this implies Syn(pa(z)) > 0. If the von-
Neumann entropy between two subsystems vanishes, then the two subsystems are not entangled.
This in turns means that, there is quantum correlation between two subsystems if .S,y (p A( B)) =0.
It is to be noted that, as the von-Neumann entropy measures the quantum entanglement between

two subsystems, in literature it is also termed as entanglement entropy. In the subsequent chapters



we mostly use this term. Now I have discussed some intersting properties of von-Neumann entropy.

The von-Neumann entropy has the following properties.
1. von-Neumann entropy is a positive definite quantity, that is, Syn(pa(s)y) > 0.

2. von-Neumann entropy is invariant under suitable class of unitary transformation. This im-

plies following, if the reduced density matrix is transformed in the following way
pa— py = UpU' (1.9)

where U is an unitary operator, then the von-Neumann entropy obtained from the new
reduced density matrix is same as that of computed from the old one. This implies S,n(pa) =
Sun(py). This reflects the fact that, if a state is initially pure then it will remain pure in
the future and similarly a mixed state will remain mixed. This is a very important property
which just reflects the unitarity of time evolution of a quantum system. It means we are able
to know about the past of the system by just going backwards in time under the action of a

unitary operator.

3. For a pure state with density matrix p at zero temperature the von Neumann entropy of
a subsystem A is equal to the entropy of its complemment. This manifestly shows that
the entanglement entropy is not an extensive quantity. This equality is violated at finite

temperature.
4. For a bipartite system pap
|Sun(pa) — Sun(pp)| < Sun(pas) (1.10)
This is known as the Araki-Lieb bound.

5. von-Neumann entropy obey the subadditivity. For a bipartitie state pap
Sun(pa) + Sun(pp) < Sun(pan) - (1.11)
6. For a tripartite state papc, von-Neumann entropy obey strong subadditivity. That is

Sun(papc) + Sun(ps) < Sun(pas) + Sun(pBC) - (1.12)
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1.1.2 Quantum mutual information

Keeping the above concept of von-Neumann entropy I now discuss another measure of correlation

in the context of information theory, mutual information (I(A : B)). Let us consider a bipar-

tite quantum systems AB, described by a density matrix psp. The quatum mutual information

between two subsystem A and B is defined by following [2]

I(A: B) = Sun(pa) + Sun(ps) — Sun(pas) (1.13)

where S,y (p;) represents the von-Neumann entropy computed from the density matrix p;. The

mutual information has some interesting properties which are listed below

1.

The mutual information measures total correlation present in the system. It includes both

the classical and quantum correlation.

. It a positive definite quantity, I(A : B) > 0, due to the subadditivity property of von-

Neumann entropy.

The mutual information between two subsystems vanishes when the density matrix of the
composite system can be written as direct product of density matrices of indivisual subsys-

tems. This implies if pap = pa ® pp, [(A: B) =0.
Mutual information is bounded by the smaller entropy of the two subsystems, this implies

I(A: B) <min(Syn(pa), Sun(pB)) - (1.14)

For a pure bipartite state [¢)4p), the mutual information is maximal, reflecting the perfect

correlations due to entanglement.

For a tripartite system A,B, C, one can show that the mutual information obey
I(A:BUC)>1(A:B). (1.15)

The above property is named as the subadditivity.

Mutual information satisfies a monogamy-like relation in multipartite systems. For a tripar-

tite system A,B, C the following inequality holds
I(A: BUC)>I(A:B)+I(B:(C). (1.16)
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These are some very interesting properties of mutual information. This concept of mutual infor-

mation plays a very important role in subsequesnt chapters in his thesis.

1.1.3 Entanglement of purification

As we have already mention that, the von-Neumann entropy is a suitable measure of quantum
correlation when the system under consideration is in the pure state. However, if the system is in
a mixed state then, the von-Neumann entropy is not a suitable candidate which can measure the
qunatum correlation present in the system. On the other hand the mutual information measures
the total correlation present in the system. It includes both the classical and quantum correlation.
Furthermore it is also to be noted that, mutual information is nothing but a particular algebric
combination of von-Neumann entropy. This suggests the need for a distinct measure that can
effectively quantify quantum correlation in a system, particularly when the system is in the mixed
state.

Various studies in this direction have proposed several distinct measures to quantify quantum
correlations in mixed states. Among these the entanglement of purification (EoP) [3] is one of the
most promising candidate. The process of purification suggests that one has to construct a pure
state |¢) from the mixed density matrix psp by adding auxiliary degrees of freedom to the original

Hilbert space H

pap = trap [) (V|5 ¥ € Haapp = Han ® Hpp (1.17)

The states |¢)) are denoted as the purifications of p4p. In this set up, the EoP can be computed
as [3]

Ep(pap) = Ep(A, B) = min S(pan); paa = trep [¢) (Y| (1.18)

where the minimization is taken over any state |¢) with the property pap = trap |t) (¥ being

held constant. However, in the context of the QFT, it is a tricky task to compute the EoP. It has
been observed that both Ep(A, B) satisfies the following properties [4]

1. For pure state the entanglement of purification obey

Ep(A, B) = Spp(A) = Spp(B); phpg == pas - (1.19)
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2. For bipartite system Ep(A, B) and the mutual information (/(A : B)) obey the following

inequality
%I(A . B) < Ep(A, B) < min [Spp(A), Spa(B)] (1.20)
3. The entanglement of purification decreases upon discarding of quantum system, this implies
Ep(A: BC)> Ep(A: B). (1.21)

4. For a tripartite system we have

I(A:B)+I(A:C)
2

< Ep(A,BC) . (1.22)

5. The entanglement of purification is polygamous for a tripartite pure state pagc,

Ep(A:B)+ Ep(A:C)> Ep(A: BC) . (1.23)

1.1.4 Entanglement negativity

In this section we wolud like to discuss another measure of mixed state quantum correlation which
is known as entanglement negativity. In order to define the entanglement negativity (EN), let us
consider a tripartite quantum mechanical system with the subsystems denoted as A;, Ay and B.
These subsystems are such that, they also obey the following condition, A = A; U Ay and B = A€
[5]. Now the Hilbert space associated with the subsystem A can be written as H = H; ® Ha,
where H; represents the Hilbert space of the subsystem A; and H, denotes the Hilbert space
associated with the subsystem As. One can obtain the reduced density matrix of the subsystem A
by computing the trace of full density matrix of the system with respect to its complement, that

is, A° = B. This results

PA :trAC(pAB> (124)

where pap denotes the total (mixed) density matrix of the system. Now, according to the definition
of EN, we have to take the partial transpose of the above computed reduced density matrix over
one of the subsystems in the given bipartite system. One can do this by the following procedure.

Let us assume that, |ez(-1)> and |e£2)) represent the basis of the Hilbert space associated with the



subsystems A; and A, respectively. The partial transpose of the reduced density matrix with

respect to A, can be written as

(] 2

e,(gl)e§2)> = <el(.1)el(2)) PA ‘e,(gl)e§2)> (1.25)

where p? denotes the partial transpose of the total density matrix p with respect to A¢. EN
measures the degree to which p? is negative, which signifies the term ‘negativity’. The trace norm
of the partial transposed reduced density matrix is represented by || p%? ||;. In this set up, it has
been shown that one can actually define two quantities, one is negativity and another one is the
entanglement negativity or logarithmic negativity. The negativity between two subsystems A; and
A, is defined as [6]

2 -1

Nip) = 124 ] (1.26)

The above corresponds to the absolute value of the sum of negative eigenvalues of pZQ. One can
show that for a unentangled product state, N(p) vanishes. On the other hand, entanglement

negativity or logarithmic negativity between two subsystems A; and A, is defined as [6]

En(p) = (|| p2 1) - (1.27)

Apart from EoP and entanglement negativity, there are other quantities such as odd entropy
[7, 8], reflected entropy [9, 10, 11, 12] which are also proposed measures of quantum correlation
for a system in mixed state.

Some important properties of entanglement negativity are listed below
1. Both the negativity and logarithmic negativity are positive definite. This implies
N(p)>0 ;5 En(p)>0 (1.28)
the equality holds for separable states, meaning there is no quantum entanglement.
2. Both the N (p), En(p) are non-increasing under local operations and classical communication.
3. En(p) is additive, meaning that for a tensor product state pap ® ocp
En(pap ® ocp) = Ex(pap) + Ex(ocp) - (1.29)
On the other hand, negativity (N (p)) is not additive
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1.1.5 Complexity

Along with the above measures of quantum correlation, quantum complexity is one of the most
fundamental quantity in context of quantum information theory. The computational complexity
has its roots in the subject of computer science [13, 14]. In classical computation, an algorithm
simply means a function which maps set of input bits to specific set of output bits. However,
we are interested in quantum complexity. Here the function transform to the unitary operator
U which acts on some input state for some number of qubits and gives an output quantum state
on equal number of qubits. The unitary operation is constructed by set of elementary gates. If
our reference state is [)g) and the target state is |¢)7), then one has to implement the following

operation
[Yr) = U |¢r) (1.30)

where U is an unitary operator which has been constructed with help of a set of elementary gates.

Thus one can write the unitary operation as

A~

g; denotes the elementary quantum gates. This in turn means that in order to reach the target
state from the reference state one needs to implement the following operation in terms of the

elementary gates
¥r) = U [¢R) = gngn-1--01 [VR) - (1.32)

Now the circuit complexity of the target state, C(|1r)) is defined as the minimum number of the
gates which are needed to construct the unitary operation. This is the way by following which
one can define the complexity in the state space. There are various different ways to compute the
quantum complexity [15, 16, 17, 18]. Now the complexity of the target state |ir), that is C(|1r))
is defined [19] as the minimum numbers of quantum elementary gates required to implement the
quantum circuit. Now one can construct infinitely many possible circuits to get the correct target
state. But we have chosen that one circuit which contains a minimum number of quantum gates,
that is the optimal circuit. But it is very much difficult to find that one optimal circuit. This
definition of complexity holds if we are in the wave function space.

We define complexity in the space of the unitary operators also. Suppose we start from a reference



operator U and we have to reach the target operator V then the relative complexity Cg(U, V) is
defined as the minimum number of elementary gates required to reach the target unitary operator
V. The relative complexity of a unitary operator with respect to the identity operator is known
as the complexity of that operator. So the complexity of a unitary operator U can be written as

[17, 20, 21]
C(U) = Ca(I,U) . (1.33)

So we can see that in both cases it is very much difficult to identify that optimal circuit. This
problem was first solved by Neilson. He came up with a very interesting solution to this problem.
According to this approach, the problem of finding the optimal circuit is mapped to the problem of
finding the minimal geodesic between the two states, and circuit complexity is given by the length
of that minimal path. Here instead of considering the discrete elementary gates which form the
unitary operator U, we will introduce a continuous representation of the unitary operator U in the

following way [19, 22, 23]

U(r) = Peap (—i /0 ' d%]—[(%)) (1.34)

where 7 parametrizes a path in the Hilbert space. We usually choose 7 to be in the range, 0 < 7 < 1,
F

7 = 0 represents the reference state, and 7 = 1 represents the target state. P represents the time

ordering such that the circuit is built from right to left as 7 increases. The operator H(7) can be

expanded in terms of a basis of Hermitian operators (M) in the following way
H(7)=> Y'(#)M; . (1.35)
I

Y7 in the above equation is known as the control functions indicating which gates are being applied
at a particular value of the parameter 7. Thus we can think the elementary gates g; can be

constructed in the following way
gr = exp(eM) (1.36)

thus M can be thought of as the generator of the elementary gate g; and € is very small number.

The control function can be obtained in the following way
Y; = Tr(U0,U(M")T) (1.37)
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where tr(M*(M7)T) = 6'7. Then we can define the metric in the following way
ds® = Grdytdy*’ (1.38)

from the above metric, one can calculate geodesic with proper boundary conditions. After obtaining

the geodesic we can compute its length which gives the complexity of a target state,

c<y¢T>):/0 ds . (1.39)

On the other hand, we can also use the covariance matrix approach to compute the complexity of
a target state. In this approach, we have to first compute the covariance matrices associated with

both the reference state and the target state in the following way [24, 25, 26, 27, 28, 29, 30]

G = (Vryr(z, )] (£7€" +£°€") [r/r(2, ) (1.40)

where T" and R represent the target and the reference state and £ = {z, p}. The covariance matrix
is a real symmetric matrix with a unit determinant. Now we can always transform the reference

covariance matrix in the following way
G0 = 5Gm=0s" (1.41)

such that G™9 is identity matrix and S is a real symmetric matrix. We can also transform the

target covariance matrix in a similar way
Gt =sGm=1sT . (1.42)

The unitary operator U acts on the transformed covariance matrices in the following way

Gm=1 = U(r)G™=U" () (1.43)

Then we can define a function F(U, U), which is known as the cost function. Then the complexity

of the unitary operator U is defined as
1
C(U) = / F(U,U)dr . (1.44)
0

Minimizing this cost function gives us the optimal set of Y/, which in turn gives us the most

efficient circuit by minimizing the circuit depth. There are various choices for the cost function.
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Some choices of cost functions read [26, 31]

AUY) = Y [Y!

 RUY) = Sy

I

FROY) = Y Y. (1.45)

The F; measure can be recognized as the original concept of counting the number of gates. The F,
measure can be recognized as the proper distance in geometry and this choice reduces the problem
of identifying the optimal circuit to finding the shortest geodesic connecting the reference and target
states in this geometry. The third one, that is Fr(U,Y) can be thought of as a generalization of
the F; cost function.

Quantum complexity is not only important in the context of quantum computation or in quantum
information. But for a mixed state, the computation of the complexity is a bit tricky. Various
research in this direction shows that purification complexity is a quantity that can be used to
compute the complexity of the mixed state. The purification complexity is defined as the minimal
pure state complexity among all possible purifications available for a mixed state, subject to the
constraint that every additional qubit of the purifying system ends up entangled with the original
“physical” qubits,

C*(p) = minC(¥) (1.46)

where P is the set of all purifications 1 of the mixed state density matrix p. In this context, mutual
complexity plays an important role. If we have two subsystems A and B, then mutual complexity

between two systems is defined as [32, 33, 34, 35, 36, 37, 3§]

AC =C(pa) +C(pp) — C(pan) (1.47)

where p; represents the density matrix corresponding to the i-th system. Mutual complexity is said
to be subadditive if AC > 0 and superadditive if AC < 0. Apart from the quantum information
theory complexity plays an important role in the theory of quantum chaos. In a quantum system,
one can quantized chaos in terms of the complexity [25, 39, 40, 41, 42, 43, 44]. Quantum complexity

is also a probe of quantum quench [45].
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1.2 Entanglement entropy in the context of quantum field
theory

In this section I would like to provide a brief review on the computation of entanglement entropy
in the context of quantum field theory. To proceed we will first consider discrete lattice model
with lattice spacing e. We will assume that each lattice site has a finite dimensional Hilbert space,
H;, i indicates the lattice site. Then, a pure quantum state of the system |¢)) € ®;H;. Now I will
briefly discuss how a subset of lattice degrees of freedom is entangled with the rest of the lattice
for a given pure state of the total system. To do so we will devide the lattice sites into two regions
by fiducial boundary across the lattice. Now we can label the region inside the boundary as A and
the rest of the lattice is denoted as A° and the artificial boundary separating these two regions, 0.4
is the entangling surface. Therefore the Hilbet space of the toatl system can be as the following

tensor product

R Hi = HaA® Hoye . (1.48)

Keeping this bipartition of the Hilbert space in mind we can define the density matrix of the full

system as

Protal = [9) (Y] - (1.49)
Now the reduced density matrix of the region A is formalised as
pA = TrAc(ptOtal> :TI'_AC<’¢> <¢’> . (150)

Therefore the von-Neumann entropy of the reduced density matrix can be defined as
Sa=—Tr(palogpa) ==Y _ Ailogh; . (1.51)

We would like to mention that the above defination of the von-Neumann entropy in the discrete
quantum field theory is very formal. Before proceeding to the continumm QFT I will discuss some
other kinds of entropy which is useful to compute the von-Neumann entropy in the context of

QFT. I will start with Renyi entropy. The Renyi entropy of order ¢, (where ¢ € Z,) is defined as

S0 — ] ! log Tr4(p%) = ! log(Z )\3) : (1.52)

—q 1—q
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The above definition of Renyi entropy suggests that it captures the moments of the reduced density
matrix. It is very useful to probe the purity of the system. Now in the limit ¢ — 1 one can obtained

the von-Neumann entropy form the Renyi entropy. Therefore,
1 ()

Now we will proceed to the continuum scenario, that is, we will consider the lattice spacing to be
zero (¢ — 0). In the continuum case, the concept of the bipartition can be generalised geometrically.
to define the bipartition in the continuum case, we have to consider a Cauchy slice (X). On this
Cauchy slice we would consider a codimension-1 region A and it’s complement region A¢ = B,
such that, AU A°(B) = X. Therefore the total Hilbert space to full system can be represented as
Hy = Ha®H . We can define the entangling surface as the boundary of the region A, that is 0A.
Now the entanglement entropy for this bipartition can be computed by following the usual way
to compute the von-Neumann entropy. This entropy depends of the geometry of the entangling
surface, therefore it is also known as the geometric entanglement entropy. Now we would like
to make some comments.To compute the von-Neumann entropy of the region A, first we have to
obtain the reduced density matrix associated with the region A. This can be obtained by tracing
out the full density matrix with respect to the degrees of freedom associated to the region A°€.
However, this bipartition of Hilbert space is not well known. One can avoid this issue by using
the replica trick. In this technique, instead of computing the von-Neumann entropy of subsystem
directly one can compute the Renyi entropy, then taking the approriate limit one can obtain the
von-Neumann of concerened subsystem.
The replica technique suggests one should compute Tr(p’;), instead of computing Tr(p4logpa)
directly. Thus the EE of a subsystem is given by

Si(4) = — lim (Tr(pl)) (1.54)

n—1 an

Furthermore computing Tr(p’) for generic real value of n is extremely difficult job. Therefore
in this replica trick we compute Tr(p") for positive integer n, then we analytically continued it
for generic value of n. Computation of Tr(p’) reduces to calculating partition function on some
complicated Riemann surface, which can be achived analytically for generic quantum field theory.

The quantity Tr(p”) can be computed by considering n(n > 0,n € Z, )copies of theory and glue
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them by imposing appropreiate boundary condition along the cuts. Thus computation of Tr(p%)

reduces to the following

Tu(ply) = 2 (1.55)

where Z,(A) indicates the partition function on the complicated n sheeted Riemann surface and
Z represents the usual partition function. Keeping the result given in eq.(1.55), one can compute

the Reyni entropy of order n by following

S§ =< i ~log (?;Ej))) . (1.56)

Now one can get the EE by taking the limit n — 1, that is
Spp(A) = lim st (1.57)
n—

It can be shown that both the formulas given in eq.(1.54) and eq.(1.57) are equivalent. Readers
are reffered to [46, 47, 48, 49, 50] for further detials.

It was shown earlier that, the EE of a subsystem in this context is UV divergent. It is quite
obvious because we do not introduce any cutoff to prevent the short distance correlation. One can
regularised this EE by incorporating a UV cutoff in the theory. To avoid this divergence one can
introduce a UV cutoff e. Therefore after incorporating this one would have the following resuslt of
EE (in d-dimensional QFT)

Area(0A)

ed—2

See(A4) =« + subleading terms... . (1.58)

In the above result « is a constant represents the effective degrees of freedom of the geometric
region A. The above result is very general and it is reffered to as the “area law” of entanglement
[51, 48, 52, 53, 54]. One can show that the subleading terms in the above result of EE depends on
the extrinsic and intrinsic geometry of the entangling surface. The above result shows that, it EE
of in a generic QFT has a similarity with the Bekenstein-Hawking formula for black hole entropy.
The Bekenstein-Hawking formula for black hole entrop is given by

An
Spr =15 (1.59)

where Ay is the area of the event horizon, and G is the Newton’s gravitational constant. Both of

these entropies are extensive. Both the formulas suggest that, the information inside a volume V'
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is encoded on its boundary. The UV structure of the EE in relativistic QFT reads [55]

B ad_g(%>d2 +ag_4 <%>d4 +..+a <%> + (—1)%5}1 + O(e) ford odd

et a¢2(%>d_2 + ag_a (%)d_4 + ...+ (—1)%8,4 log (%) + O(€%) ford even o

where L represents the size of the subsystem A. We would like to mention that the coefficients a;’s
in the above equation does not have any physcial importance because they depends on the which
scheme we follow to derive the entanglement entropy. On the other hand, one should emphasise

on S4 contains non-trivial physical information.

1.3 Introduction to Gauge/Gravity duality

In this section we will discuss the gauge/gravity duality in detials. This duality relates two com-
pletely different theories. On one side of the duality, we have a quantum field theory, while on
the other side, we have a classical theory of gravity. This duality emerges from the string theory.
In the subsequent section we have briefly discuss conformal field theory, Anti de-Sitter spacetime,
string theory, theory of D-branes and gauge theory. Finally, we end our discussion by reviewing

the central idea of gauge/gravity duality (or AdS/CFT correspondence).

1.3.1 Brief introduction to conformal field theory (CFT)

Quantum field theory is one of the most fundamental theory of modern theoretical ohysics. It
describes three fundamental interactions of nature namely, weak, strong and electromagnetic in-
teraction successfully. QFT is also relevant in the context of condensed matter systems, where we
deal with many body system and the quantized excitations are not necessarily elementary par-
ticles but so called quasiparticles. Quantum field theory works very well when the it is weakly
coupled. However, when a set of weakly coupled degrees of freedom cannot be identified, the theory
loses most of its predictivity. A relativistic QFT in d spacetime dimensions is invariant under the
Poincaré transformation. The isometry group of QFT in d spacetime dimensions is ISO(d — 1, 1).
Conformal field theory is a very special class of quantum field theory, which is invariant under
conformal transformation. Conformal transformations are very special class of coordinate trans-

formation, under which the angle between two lines remain same. Conformal transformations
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include Poincaré transformation along with the scale tranformation and special conformal trans-
formation.

In d spacetime dimensions a conformal tranformation is defined as the set of coordinate tranfor-
mation under which the spacetime metric remains same upto a scale factor. That means if z — 2/,

the spacetime metric g,5(z) is transformed as
=7 1 gap(T) = gap(z) = () gap(z) . (1.61)

The above equation suggests that, if Q?(z) = 1 we can recover the Poincare transformation which
leavs the Minkowski spacetime invariant. Now we would explore which kind of coordinate tranfor-
mations leave the spacetime metric invariant upto a conformal factor. To investigate that let us a

general infinitisimal coordinate transformation of the following form
ot — o = ot 4 e(xt) . (1.62)
Due to this coordinate tranformation the change in the spacetime metric is given by
dgu = Ou€, + Ove, . (1.63)

Now we demand that, the change in the spacetime metric is proportional to the original metric,
this results the following differential equation for €

2
Ouer + 0p€, = ng,(:r;)apep

= (9,u0,0° + (d — 2)0,0,)0%€¢, = 0. (1.64)
The above equation suggests that, there is something very interesting when we consider d = 2. In
this case the above equation boils down to the Cauchy-Riemann equations. We will discuss the

2d-CFT later in this thesis. Now we will consider d > 2. The most general form of the infinitisimal

transformation can be written as
€ =y + W + Az, + ba* — 2(b.ax)x, . (1.65)

The first two terms in the expression corresponds to translations and Lorentz transformations.
This corresponds to the Poincare transformation. Now let us look at the following coordinate

transformation
= " = axh . (1.66)
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The above transformation is known as the scale transformation. Under this scale transformation

a scalar is transformed as
6(x) = ¢/(x) = 6(z — Aa) = B(x) — Ao 0,0(x) (L.67)
Now let us consider the following infinitisimal coordinate transformation
ot — ot 4 b — 2(bax)at (1.68)

The above coordinate transformation is known as the special coordinate transformation (SCT).

Under SCT a scalar is transformed as follows
o(x) = ¢ (x) = d(x + bx? — 2(b.x)z) = ¢(x) — b“(xQ(?# —x,2"0,)p(x) . (1.69)

Therefore conformal transformation includes the scale tranformation and special conformal tranfor-
mation along with the Poincare tranformation. For the completeness I have listed all the conformal
transformation. To do so let us consider a CFT in R? (d > 2), with the flat spacetime metric 7,4

with signature (p,¢). The infinitisimal conformal transformations can be defined as

Translations : z' — 2" + o
Rotations : 2™ — (6# +mH) x”
Scale transformations : 2% — \z*
Special conformal transformations : " — 2# 4 2 (k.x) 2" + (27) k* .

The generators of the above infinitisimal conformal transformation are given by

Generators of translations : P, = —i@u
Generators of rotations : L, =i(z,0, — x,0,)
Generators of scale transformations : D = —iz"0,

Generators of SCT : K, = —i(21,2"0, — 2%9,) .
The algebra of the conformal generators are given as
[D,P,] =iP,, [D,K,| =—iK,, K., P =2i(n,.D— L)

Koy L] =1 Mpulls = 10 K0) s [Py Ly = 1 (MpuPy — Mo Ppu)

[Lyws Lool =i (MupLyo + MuoLvp — MupLve — MoLyup) - (1.70)
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The rest of the commutator between the generators vanishes. This generators form a group, known
as the conformal group. The above algebra suggests that Poincare group is subgroup of conformal

group. Now let us count the number of generators in d dimension. In d spacetime dimensions

d(d—1)
2

number of rotations, 1 scale transformation and d SCTs.

] (d+2)(d+1)
2

there are d number of translations,
This implies in d spacetime dimension there are tota number of generators, which is the
same number of generators of SO(2,d) group. However, one can combine these generators in the

following way

L., = L.
Lo = 305~ P
Luiy1 = %(’Cﬁpu)
Lgig = D (1.71)

from this above representations of the conformal generators, it can be observed that, these are

nothing but the generators of Lie grouo SO(d, 2), obeying the following algebra

[Lag,Lcp) = i(ncLap —nacLep — nepLac +napLpc) - (1.72)

This group leaves the metric nap = diag(— + ... + —) invariant, where p.v = 0,1,...(d — 1) and
A,B=0,1...,(d+1).

Now we will briefly discuss about the representation of the conformal group SO(d,2) in RY4-1,
To construct the representation of SO(d,2) we decompose it as SO(d —1,1) x SO(1,1). The first
factor represents the Lorentz group and the second one represents dilation (D). D has eigenvalues

—iA, the fields or operators are transformed as
o(z) = X\2o(A\x) . (1.73)

The operator Py, raises the eigen value of D. On the other hand K, lower it. It is known that for
an unitary field theory, there is a lower bound on the fields, which is known as the unitary bound.
Therefore the unitary representation is “lowest weight representation”.

In d = 2 spacetime dimensions one can observe that there are infinite number of conformal gener-

ators. This can be shown by using eq.(1.64). In two dimension the generators of conformal group
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obey the Witt algebra, given as follows

[y 1] =0 . (1.74)
The generators of the 2-dimensional confromal transformation is given by
l, =—2""9, : [, =—2z""0; (1.75)

where z and Z are considered as independent variables. One can construct any kind of conformal
transfomations with these generatores. For example, [_; generates translation, (Io + ly) generates
2 dimensional scale transformation, the operator i(ly — lo) gives rise to the rotation and finaly I_;
generates special conformal transformations. This above discussion implies that, the operators
{l_1,lp, 11} are the global conformal generator in two dimensions. They form a group structure
given by SL(2,C)/Zsy group. Therefore {I_1,1ly,l11} generates the following coordinate transfor-

mation

az+b

z —
cz+d

: with a,b,¢c,de C . (1.76)

For the transformatoins to be invertible we would have the condition ad — bc # 0. Furthermore,
the Witt algebra admits a central extension. The central extension of an algebra g = g ® C of a

algebra g by C is
9], = [v,y],+cplz,y),

[Z,cl; = 05 [9.d;=0 (1.77)

where, Z,7 € g, x,y € g and ¢ € C. The central extension of algebra is related to the projective
rpresentation. Let us label the central extension of Witt algebra by L,,, n € Z and the commutation

relation is give by
[Lna Lm] = (m - n)Lm-‘rn + Cp(m> n) : (178>

One can also do the similar analysis with the generators [, <+ L,. One can obtain p(m,n) by

following [56]. Incase of the two dimensional CFT the central extension of Witt algebra is given
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C
[Lm7 Ln] = (m - n)Lm-l—n + E(mS - m)5m+n,0
o _ c
[Lm’ Ln] - (m - n)Lm+n + E(ms - m)5m+n,0
(L, L] =0 (1.79)

where ¢ represents the central charge of the two dimensional CFT.

Now we will discuss the energy momentum tensor of CFTs [56]. To do so let us recall the Neother’s
theorem. It states that for every continuous symmetry in field theory there is a conserved current,
that is, 9,7* = 0. In the present scenario we are interested in the theories with conformal symmetry,

that is z# — ¥ + €*. Therefore in this case the conserve current can be written as
ju = quH (180)

where T}, is the energy-momentum tensor, it is symmetric. Since the current is conserved, for a

special case of e# = const we have
9,T"™ =0 . (1.81)
On the other hand for general infinitisimal e* we have [56]
T =0 (1.82)

Thus we can conclude the fact that the energy momentum tensor of CFTs are traceless.

Now we will discuss how one can obtain the correlation funtions in the context fof CFT from
the symmetry arguments. The conformal symmetry plays a vital role to obtain the form of the
correlators. For that let us consider two operators ¢;(z) and ¢;(z) with definite scaling dimension
A; and Ay respectively. We are now interested in computing the two point correlator of the form

(0] ¢1(z)¢1(x) ]0). Under the dilation the correlator transform as

(0] ¢1(2)2(y) [0) — AZAZ (0] 61 (Aw) 2 (Ay) [0) - (1.83)

Now using the fact that the correlator should have translational invariance, we can argue that, the
correlation function depends only on the difference of two points. In other word the correlation

function must be the function of the distance between two points. Another imporatnt fact is
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that the correleator should be Lorentz invarinat. This implies, the correlation function must be a

function of (x — y)?. This implies

(0] én () o () 0) = f(<x - y>2) | (1.84)

Now making a translation to the origin we have

(0 ¢1(2)$2(0) 0) = f(7) - (1.85)

Now we will use the fact that, the vaccum stateare conformally invariant. This implies that the
generators of the conformal algebra annahilates the vaccum state. Therefore we can use the algebra

of the conformal generators to observer the restriction on the two point function

(0] 1(2)p2(0)D]0) = 0
= (0] ¢1(2)[¢1(0), D] |0) + (0 ¢1(z) Dg2(0) [0) = 0

The above differential equation has solutions of the following form

C

where C' is the integtarion constant. Therefor in a most general way the two point function can

be written as

Cha
(0] f1(x)p2(y) [0) = RO (1.88)
Similarly the three point function can be obtained as
C1a3

<O| ¢1($)¢2(y)(b3(2) |0> = (l’ _ y)A1+A2_A3(y _ Z)A2+A3_A1 (ZL‘ _ Z)AH'A?’_AQ : (189>

We would like to mention that upto a constant factor two point and three point functions can be
obatine by using the conformal symmetry and conformal algebra. But the higher point functions

cannot be obtained by this method.
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1.3.2 Brief discussion on Anti-de-Sitter spacetime

Anti-de-Sitter spacetime is solution of Einstein filed equation in the presence of negative cosmo-
logical constant. It is a maximally symmetric spacetime. It can be defined in different ways.
Before going into the details of the AdS spacetime let us understand what is meant by maximally

symmetric spacetime. A spacetime of D dimensions is said to be maximally symmmetric if the

spacetime has @ D(D+1)

5 number

number of Killing vector. That means, the spacetime has

of symmetries. For example let us consider the flat Euclidean spacetime in D dimensions, R”.

D(D-1)

2 rota-

This spacetime has D number of translational symmetry in D possible directions, and
tional symmetries. Thus, the D-dimensional flat Euclidean spacetime has total w symmetries.
Therefore spacetimes this same number of symmetries are said to be maximally symmetric. Now
if we want to find a maximally syemmetric curved spacetimes, the symmetry tells us that the
curvature (R) of the spacetime should be constant. Therefore there are two possible choice one
can make. Either the curvature is positive, R > 0, or negative, R < 0. The spacetime with positive
curvature is known as the de-Sitter spacetime. On the other hand the spacetime with constant
negative curvature is known as the Anti-de-Sitter spacetime. In this section I am interested to
discuss the spacetime with negative curvature.

One can define Anti-de-Sitter spacetime in d + 1 dimensions by embedding in (d + 2) dimensional

Euclidean spacetime. To understand this let us consider a flat d + 2 dimensional spacetime with

the following line element

d
ds® = —dX§ + ) dX} —dXj,,. (1.90)

i=1
Anti-de-Sitter In this above spacetime we can embed a hypersurface of the following form

d
—Xe+Y X -Xi, =R (1.91)

i=1
where R is the radius of the hyperboloid and it is related to the cosmological constant A. T would
like to mention that AdSy,; is a maximally symmetric spacetime with MQMH) independent killing
vectors. These linearly independent Killing vectors generate the isometry group SO(2,d — 1) which

is the conformal group of Minkowski spacetime in (d — 1) dimensions. Let us recast this (d + 1)-

dimensional AdS spacetime in different forms by choosing different kind of parametrisation. First
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we will look into the form of AdS,;,; spacetime in Global coordinates. For this let us consider the

following coordinate transformations

Xo = Rcosh(p)cos(T)
X, = R Q;sinh(p)

Xa+1 = Recosh(p)sin(r) ; i€[l,...d] ; peRy ; 7€]0,27] (1.92)

where (; is the usual parametrisation of (d — 1) dimensional sphere. In this new coordinate system

the AdSy,1 spacetime looks like
ds> = R* (— cosh®(p)dr?® + dp® + sinh®(p)d€2]_,) (1.93)

where dQ2 | is metric on a unit sphere S?~!. The above line element suggests that the all the metric
coefficients asre independent of 7, this implies 0, is Killing vector. However, this 7 coordinate is
periodic with 27 periodicity. This implies the fact that, the spacetime has closed timelike curve.
To deal with this we unwrap the 7 direction, by 7 € R. The boundary of this AdS spacetime plays
a very important role. The boundary structure of AdS spacetime is very relevant in our analysis.
To study the boundary structure of the the above spacetime let introduce a new parameter by
tan(f) = sinh(p), with € [0, Z). Using this parametrisation the elementary line element given in
eq.(1.93) can be written as

R2

ds® =
cos2 0

(—dr® + d6” + sin*(0)dQ;_,) . (1.94)

It is aperant from the above line element is that, the metric diverges at # = 7. Another important
obeservation is that, the line element in the above equation is conformally flat. It is flat upto

a conformal factor %. Now we can perform the metric compatification by rescaling with the

conformal factor. After the conformal compatification the line element reads

ds' 2 = —dr® + df? + sin?(0)dQ>_, . (1.95)

Now one can include the point 6§ = 7 as the boundary of AdSgy1 spacetime. The metric has
topology of R X S9!, which represents half of the Einstein static universe. On the other hand
the conformal boundary ¢ = 7 has the topology of R X S92, Another point is that using global

coordinates we do not have the full SO(2,d) symmetry group of AdSg,;.
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Now concider the following coordinate transformations (Xo, Xq11, X;) — (¢, 2, z;), with i € (1,..,d—

1)

1 —

XU = £(L2+22+$2—t2),
1 _,

Xd+1 = g(LQ—ZZ—Q?—i—tQ),

X, = L i=12....d-1,
z
t

Xo = (1.96)

The set of those coordinates cover only the half of the hyperboloid as z > 0. In terms of the these

new coordinates the elementary line element given in eq.(1.90) can be recast as

12 d—1
ds* = = (—dt2 +) o dif + d22> . (1.97)
i=1

The resulting spacetime is known as the Poincaré patch. The above metric suggests that there is
a coordinate singularity at z = 0. Similar to the previous case of global coordinate after making
conformal compatification one can include the point z = 0 in the patch. Thus the new metric

becomes
d—1
ds® = —dt* + > di} . (1.98)
i=1

The boundary is at z = 0.The boundary is conformally equivalent to the Minkowski space, Rb4~1,

1.3.3 Brief review on string theory

String theory is one of the most suitable candidate for a consistent theory of quantum gravity. In
contrast to conventional quantum field theory, which governs the behavior of point-like particles,
string theory is built upon the premise that the basic building blocks of the universe are one-
dimensional entities known as strings. Strings are characterized by a specific length, referred to as
the Planck length, denoted as Ip = 1.6 x 10733cm. It is to be noted that, this length scale is much
smaller than the shortest length scale which can be probed experimentally. One can charecterised
strings by two parameters, namely the string tension (7;) and dimensionless string coupling (gs).

One can express the string tension in terms of the string length (I,) in the following way

1
So2mi2

(1.99)
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Now we would like to describe the dynamics of string qualitatively. Much like a point particle traces
a one dimensional world line through spacetime, a string moves through spacetime by sweeping
out a twodimensional surface known as a world sheet. Drawing inspiration from the action of
a point particle, which is simply the length of its world line, we propose that the action for a
string corresponds to the area of its world sheet. We can parametrised the string world sheet by
¢ = {r.0}. We further assume that, the string is moving in a D dimensional spacetime which is
described by the coordinates X, {a = 0,1,2..., D}. We can describe the trajectory of the string
by specifying the functions X = X?(£). Now one can write down the induced metric on the two
dimensional string world sheet as

0X*0X"

b g DEP (1.100)

gaB:G

where (G, is the spacetime metric of D dimensional spacetime. Now we can write down the

Numbo-Gotto action describing the strig dynamics as

1 —
lxe’

Quantisation of the above theory gives rise to the quantum mechanical description of strings.
Quantisation of the string theory put restriction on the dimension of the spacetime in which the
string propagates. For example, if we consider D dimensional Minkowski spacetime, then the
dimension of the spacetime should be D = 26. Further, different states of the string spectrum
represents different vibrational modes of the string. Each of these modes represents particles
with specific mass (m) and spin (s). The spectrum of open string consists of finite number of
mass less modes and infinite number of massive modes. On the contrary, the spectrum of closed
string consists of spin-2 massless particles, which are interpreted as the gravitons. This explains
why string theory is considered as a quantum theory of gravity. The graviton represents small
perturbations in the spacetime metric, indicating that the spacetime we initially assumed is, in
fact, dynamical.

It is also possible to construct other string theory by considering more degrees of freedom along
with the string world sheet action. For example, in superstring theories, ensuring the absence of
negative norm states imposes a strict condition on the spacetime dimension. This requirement

uniquely determines the spacetime dimension to be D = 10. One of the most interesting example
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of superstring theory is type-1I B superstring theory which is obtained by adding two-dimensional
world-sheet fermions to the above action. In addition to the graviton, the spectrum of type I1B
superstring theory includes two scalar fields, multiple antisymmetric tensor fields, and various
fermionic partners as dictated by supersymmetry. It is to be noted that, at low energy, one can
integrate the massive modes, this leads us to write down an effective action for the massless modes.
As the spectrum of the massless strings always contains the graviton, the effective action at the

low energy limit is nothing but the Einstein gravity coupled to other massless modes

1
167TGD

Siow = /de\/—GR + ... (1.102)

2

where R represents the Ricci scalar of the D-dimensional spacetime and “...” stands for additional
terms containing other massless modes. This type-II B superstring theory contains a dilatonic
scalar field ¢ which is related to the string coupling as gs = e?. The string coupling can vary over
spacetime. In such case, we can still think of a coupling constant which is given by the asymptotic
value of the dilaton at infinity, that is, g, = e®=.

However, the fermions in the spectrum of closed string can have two kinds of chirality, namely, the
left handed chirality and the right handed chirality. One can impose either the periodic boundary
condition (Ramond sector) or the antiperiodic (Neveu-Schwarz sector) boundary condition on these
fermions. Depending upon the chirality and the boundary conditions we can identify 24 different
sectors: R-R, NS-NS, R-NS and NS-R. It is to be noted that, the R-R and the NS-NS sectors
give spacetime bosons. On the other hand the R-NS and NS-R sectors give spacetime fermions.

Interestingly, the NS-NS sector contains the graviton, the two-form field and the dilaton. While
the the R-R sector contains the (p + 1) form field in the massless sector.

1.3.4 D-brane and gauge theory

A Dp-brane can be defined as a (p + 1)-dimensional object moving in (9 + 1) spacetime dimension
with which string can interact. It is to be observed that, a closed string can break on a Dp brane
and while an open string can end on a Dp brane. The endpoints of an open string are free to
move along the (p + 1) directions of the Dp-brane, but they are confined to it and can move
along the transverse directions. This implies the open strings obey Neumann boundary condition

along the (p + 1)-directions of the D brane. On the other hand, the open strings satisfies Drichlet
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boundary condition along the (9 — p) directions transverse to the Dp brane. A Dp brane swipes
out a (p+ 1)-dimensional world volume in the spacetime. It is to be mentioned that, the D0 brane
acts as a point particle, D1 brane behaves as string and D2 branes are like membrane.

The concept of Dp-brane enhances the structural framework of string theory, providing deeper
insights into its dynamics and interactions. As mentioned earlier, when a closed string interacts
with a Dp-brane, it can break and transform into an open string with endpoints constrained to the
brane. Just as the quantization of a closed string gives rise to dynamical fluctuations of space-time,
the quantization of an open string leads to a spectrum that includes fluctuations of the Dp-brane.
The open string spectrum consists of a finite set of massless modes along with an infinite tower of
massive modes. For example, incase of a single Dp brane, the spectrum of massless modes consists
of an abeliean gauge field A, (u = 0,1...,p), (9 — p) scalar fields (¢*,i = 1,2...,(9 — p)) and their
superpartners. The (9— p) scalar fields represent the fluctuations of the Dp-brane in the transverse
directions, encompassing both possible deformations and linear motion of the brane. Dp-branes
carry charge under the (p + 1)-form field A,,; originating from the R-R sector of Type II string
theory. A remarkable feature of D-branes is the emergence of a non-Abelian gauge field when
multiple D-branes are brought into proximity. It is also to be noted that, in case of the multiple
D branes, new degrees of freedom arises from the strings that, stretch from one brane to another.
To understand this let us consider a example of two Dp-branes which are separated by a distance
d.In this setup, four types of strings can arise, classified by the brane on which their endpoints
are located. In this scenario, strings with both endpoints attached to the same brane give rise
to massless gauge fields, as mentioned earlier. We can denote these gauge fields as (4,)] and
(A,)3, where the upper (lower) index indicates the brane where the string originates (terminates).
Additionally, there exists the possibility of strings stretching between the two branes, with one
endpoint on brane 1 and the other on brane 2, or vice versa. These gives us to more massive vector
fields (A,)3 and (A4,)7. Now one can make the separation between these two branes to be zero, that
is, two branes are now on top of each other. These results the spectrum of four massless vector
fileds, denoted as (A,)f, where a,b = 1,2. This is nothing but the gauge field of non-Abelian
gauge group U(2). On the other hand, the (9 —p) massless scalar fields become 2 x 2 matrix, (¢*)¢.
These fields transform according to the adjoint representation of the U(2) gauge group. With

the fundamental intuition in mind, it’s possible to generalised the analysis when N, branes are
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stacked together. We obtain a U(N,.) multiplet of non-Abelian gauge fields, accompanied by (9 7
p) scalars that transform in the adjoint representation of U(N,). The low-energy dynamics emerge
after integrating out the massive modes, revealing that they are described by a non-Abelian gauge
theory. Now we consider a very well known examples of N. numbers of D3 brane in type-I1IB string
theory. The massless spectrum of the theory is now consists of a gauge field A, six scalar field ¢;
and four Weyl fermions. Now if we restrict ourselves to theories with derivatives not higher than
the second order, the low-energy effective action for these massless modes precisely corresponds
to N = 4 supersymmetric Yang-Mills (SYM) theory in (3 + 1) dimensions, with the gauge group

U(N,) [57, 58, 59]. One can write down the bosonic part of the action in the following way

1 1 1
L=——Tr|-F"F,, + -D,'D'¢' + [, ¢']" | . (1.103)
gym 4 2

The Yang-Mills coupling is connected to the string coupling through the relation
Go oy = 47y, . (1.104)

It is to be noted that, the bosonic part of the Lagrangian is the most general renormalizable
Lagrangian which is consistent with N' = 4 global supersymmetry. Because of its substantial
supersymmetry, the theory possesses numerous fascinating characteristics. For instance, the (-
function is zero, meaning the coupling constant remains constant across all scales, and the theory
maintains conformal invariance. Another important feature of the Lagrangian is that the U(1)

component is free and can be decoupled.

1.3.5 D-brane and spacetime geometry

As the D-branes are massive objects they can defrom the neighbouring spacetime of it. The
spacetime metric produced by N, Dp-branes is determined by solving the supergravity equations

of motion. The low-energy effective action of Type II supergravity, expressed in the Einstein frame,

is given by
g1 / dzv/—detG| R — lgMN8M¢@N¢ — lz L o2 + (1.105)
167TG10 2 2 - n! " .
where a,, = —%(n— 5), and G sy represents the 10-dimensional spacetime metric. The dotted terms

correspond to the fermionic terms and the NS-NS three-form field strength term. On the other
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hand the n form field strength belongs to the R-R sector. It is to be noted that, in case of type

ITA (IIB) theory, n is even (odd). The equations of motion derived from the above action are

1 1 n—1
Ryn = §8M¢6N¢ + 2—71!6’“]5 (nFMKz...KnFNKz'"K" -3 QMNF3> (1.106)
1 a
V26 = ——0u (VGG Noyo) = 1.107
¢ g VG No) =5 1Fn ( )
On (VGert e ) — g (1.108)
This is accompanied by the Bianchi identity given as
Ok, Frey.. i) = 0 (1.109)

In obtaining the above equantion of motions we keep in mind that, £, exits only for one value of
n. So we can write a,, = a. By solving the equations of motion, one can determine the spacetime
metric generated by Dp-branes. Specifically, if the coupling with the dilaton vanishes, it can be
shown that the spacetime metric reduces to the familiar form AdS, x S'°79. This takes place when
the dilaton remains constant, specifically zero, with n = 5. In this scenario we can obtain the

following metric sourced by stack of D-branes
ds* = H ' (=dt* + daf + dol + dzj) + HY? (dr® + r?dQ3) (1.110)
where H is given by
R4

H=1+— ; R'=4mg,N.; . (1.111)
T

In the above spacetime metric, {t,z1,xs, 3, x3} represents the world-volume coordinates on the
D3 brane and y;, with i = {1,2,..6} denotes the transverse coordinates on the D3-brane with the

condition

rr=> "y (1.112)

To gain insight into the geometry generated by the D3-brane, we analyze its behavior in two

distinct limiting regimes. First, we consider the limit, » >> R. In this regime, H — 1 which
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implies, the metric simplifies, and the spacetime asymptotically approaches flat Minkowski space,
that is, RYY. On the other hand, in the limit » < R, the metric might initially appear singular.
This geometry is known as the throat geometry. However, a suitable redefinition of the coordinates
resolves this apparent singularity. To proceed further let us define a new coordinate

U= 2 (1.113)

S

In this new coordinate the spacetime metric given in eq.(1.110) can be written as

U2
- ZQ(\/W VAN, ( +d92)>

U2 R
= 5dily + dU + R (1.114)

where & = I2{t, z1, 22, 23} and we denote dx(4) as
3
dx?yy = —dt* + Z da? . (1.115)

The metric, expressed in this form, explicitly takes the structure of a product geometry. One of the
metric component is S® with the metric coefficient R?d€)2, while the other component corresponds
to AdSs. As we will see later, the Maldacena conjecture requires us to take the “near-horizon
limit”, which corresponds to setting the string length to be zero, that is, [, — 0. Thus, we focus
on a region very close to the surface of the D3-brane. In this region, only the AdSs x S° structure
remains relevant, while the dynamics in the asymptotically flat spacetime decouple from the theory.

This is why it is also referred to as the decoupling limit.
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1.3.6 AdS/CFT correspondence

In the preceding subsection, we laid the foundation for discussing the AdS/CFT correspondence.
In this section, we aim to motivate the AdS/CFT correspondence [60, 61, 62] by considering
string theory in the presence of D-branes from two distinct perspectives. We start our analysis by
considering type-IIB string theory in (9 4 1)-dimensional Minkowski spacetime and N, number of
parallel D3 brane. String theory in this background consists of two types of excitations: closed
strings and open strings. Closed strings correspond to excitations of the vacuum, while open
strings describe excitations of D-branes. Now if we restrict ourselves in the low energy regim
of the theory, then only the massless strind states will persist. This considaration allows us to
write down the effective action which describes the string interaction. It can be shown that, in ten
dimensions, closed string spectrum contains gravity supermultiplet, and their low-energy dynamics
are described by type-I1IB supergravity. Conversely, the massless states of open strings constitute
an N = 4 supermultiplet, with their low-energy dynamics governed by the Lagrangian of NV = 4
super Yang-Mills (SYM) theory.

One can write down the effective action for the mass less modes as follows
Ser = Sbulk + Sbrane + Sint - (1.116)

In the above action the first term Sy represents the action of ten-dimensional gravity along with
the higher derivative correction terms. While the second term describes the action for N' = 4
SYM theory. This term also include some correction terms. Finally, the last term, that is , Siu
represents the interaction between the brane modes and the bulk modes. It is to be mentioned that,
the bulk action can be expanded as free quadratic part which describes propagation of free massless
modes including the gravitons along with some interaction with the bulk. In the low-energy limit,
all interaction terms and higher derivative terms become negligible and do not contribute. As a
result, we are left with pure N'= 4 SYM theory in (3 + 1) dimensions and a free gravity theory in
the bulk.

Now we look into the same problem from a subtly different angle. In the previous section, we
discussed how D-branes emerge as solutions of type II supergravity. Now we restrict ourselves
only to the low energy regime. This involves considering excitations that possess infinitesimally

small energy as observed by an observer in asymptotically Minkowski spacetime. We can identify
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two distinct sets of excitations. One set consists of massless excitations propagating in the bulk,
while the other includes excitations localized in the throat region. For such excitations, we can
allow for any value of proper energy. This is because, for an observer in asymptotically Minkowski

spacetime, the energy F., is measured as
Ew=HiE (1.117)

where F represents the energy as measured by an observer positioned at a radial coordinate r. As
we approach the throat (r — 0), for a fixed E, the energy measured by the observer at infinity,
E, approaches zero. Consequently, even the massive modes residing in the throat region will
seem massless to the observer. In the low energy limit, these modes are pushed deeper into the
throat and eventually decouple from the massless modes in the bulk. Thus, in the low-energy
regime, we are left with two decoupled components: a free gravity theory in the bulk and the
near-horizon geometry, which corresponds to AdSs x S°. From both perspectives, we observe that
the low-energy limit consists of two decoupled theories. The gravity sector is common to both
descriptions, making it natural to identify the remaining sectors. This leads to the equivalence of

the following two theories:

e Type IIB string theory on AdS5 x S°, where both subspaces share a common radius R, and
the string coupling is g;.

e N =4 SYM theory in (3+1) dimensions with gauge group SU(N,) and Yang-Mills coupling

constant gy, which is known to be a conformally invariant theory.

This forms the foundation of the AdS/CFT correspondence.

For two theories to be equivalent, a natural requirement is that they share the same symmetries.
Let us now analyze the symmetries of these two theories. We start with the symmetry of AdSs x Ss.
The isometry group of AdSs is SO(4,2), which becomes evident when we represent AdSs as a
hyperboloid embedded in a higher-dimensional space (in R?%). On the other hand the isometry
group of S5 is SO(6). Therefore the full symmetry group of AdSs x Ss. Further, in the CFT
side, the symmetry group of N'=4 SYM theory in (3 4 1)-spacetime dimension is described by
SO(4,2), including Poincaré transformations as well as scale transformations and special conformal

transfomations. The six scalar fields ¢ and the four fermions in ' = 4 Super Yang-Mills (SYM)
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theory are related through a global SU(4) ~ SO(6) symmetry, which acts as the R-symmetry of
the theory. This symmetry rotates the scalars and fermions among themselves and is a key feature

of the superconformal algebra SU(2,2|4). Both sides of the AdS/CFT correspondence share 32

supersymmetries

e Gravity Side (AdSs x S®): supersymmetry appears as Killing spinors, which are solutions to
the Killing spinor equation in the AdSs x S° background of type IIB supergravity, reflecting

the maximal supersymmetry of the space.

e Gauge Theory Side (N = 4 SYM): supersymmetry manifests through the superconformal
algebra SU (2, 2|4), which includes both Poincaré and conformal supersymmetries, making it

the most symmetric 4D supersymmetric field theory.

This symmetry matching strongly supports the duality between type IIB string theory on AdSsx S®
and N =4 SYM in four dimensions.

The most remarkable aspect of the AdS/CFT conjecture is that it establishes a dynamical equiv-
alence between two fundamentally different theories in physics. This means that the conjecture
allows us to study a strongly coupled gauge theory through its dual description in terms of the
corresponding gravity theory in an asymptotically AdS spacetime. It is to be noted that, the
gravitational theory exists in one higher dimension than the strongly coupled gauge theory. For
this reason, the conjecture is often referred to as the holographic duality. This profound corre-
spondence was first demonstrated by Juan M. Maldacena, who identified a duality between the
large-N limit! of 3 + 1-dimensional SU(N) supersymmetric Yang-Mills (SYM) theory with four
supercharges (N = 4) and the low-energy limit of Type IIB string theory in AdSs x S° [60]. By a
more rigorous argument, it can be observed that the parameters of the two theories are related as
follows

L4
Amgs = gyars Gyar N = A= 200 (1.118)

Here, g5 and gy s represent the string coupling constant and the SYM coupling constant respectively. N
denotes the number of D3-branes under consideration. Additionally, Lqs denotes the AdS radius,

A is the t” Hooft coupling, and [, is the string length. Based on these parameter relations, we now

'Here, N represents the rank of the gauge group.
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discuss the several interesting physical limits.

In the large-N limit (N — oo, with the t" Hooft coupling A\ = ¢%,,N kept constant and finite),
one obtains the so-called planar sector of SYM theory [63]. In this regime, the corresponding
string theory is effectively classical, as it only contains tree-level diagrams, with the string cou-
pling scaling as g5 ~ % — 0. This implies that all higher order loop corrections are suppressed
in the large-N limit. On the other hand, in the limit A > 1, the N = 4 SYM gauge theory
exhibits strong coupling behavior and becomes non-perturbative. In terms of string theory, it is
evident (from the relations given (1.118)) that the strong coupling limit (A > 1) corresponds to
Lags > l,. This means that the curvature of the AdSs x S background is much smaller than
the string scale, ensuring the validity of the supergravity approximation. This limiting condition
can also be expressed as m? > R, where m, is the string mass and R is the Ricci scalar. This
ensures that stringy corrections remain suppressed, validating the supergravity approximation in
the AdSs x S® background. This in turn means that the limit A > 1 suppresses all the stringy
effects as the string theory lives on a weakly curved background, whereas A < 1 means that the
string theory lives on a curved spacetime background. Some further development in this direction
can be found in [64, 65, 61, 66, 67, 62, 68].

Now we discuss another interesting features of AdS/CFT correspondence. This is known as the
Gubser-Klebanov-Polchinski-Witten (GKP-W) relation[61, 62], which states that, the partition

functions oftwo seemingly different theories are equivalent. This implies [61, 62]

ZqrrINsce = Zaas, & €S| . (1.119)

The above relation implies that the generating functional of correlators for a CFT in 3+1 spacetime
dimensions can be obtained from the partition function of the dual gravity theory in AdSs. This
forms the foundation of the AdS/CFT correspondence, where boundary operators in the gauge
theory correspond to bulk fields in AdS, establishing a holographic dictionary between the two

theories.
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1.3.7 Holographic dictionary

Based on numerous studies in this direction [69, 70, 71, 72, 73], one can establish a holographic dic-
tionary, which provides a framework for understanding the equivalence between two fundamentally

different theories. This correspondence can be summarized as follows

Gauge theory Gravitational theory
CFT, at the boundary (z = 0) AdS441 in the bulk (z > 0)
CFT at temperature T’ Black hole with Hawking temperature T’
Scalar operator O, / Fermionic operator O ¥ Scalar field ¢/ Dirac field ¢
Stress tensor 1" Metric tensor g*”
Global current J* 1-form A,
Chemical potential /charge density Boundary value of the gauge potential
Spin/charge of the operator spin/charge of the field
External source of the operator Boundary value of the bulk field
Dimension (conformal) of the operator Mass of the field
Phase transition Instability of black hole
Global symmetry local isometry

1.4 Holographic description of different information theo-
retic measures

In this section we would discuss how one can compute different information theoretic measures
using the AdS/CFT correpondence. It is shown that every information theoretic measures of the
boundary CFT can be mapped to a geometric quantity in the bulk. Here we will discuss how to

compute those information theoretic measure holographically.

1.4.1 Holographic entanglement entropy

We would start with the holographic computation of entanglement entropy. This discussion is based

on the Ryu-Takyanagi prescription [74, 75, 76] of computing entnaglement entropy of a subsystem

36



on the CF'T side by using the gravity dual in the bulk. The RT presecription of computing the
holographic entanglement entropy can be stated as following.

Let us consider a d-dimensional CFT which lives on the boundary of a (d + 1)-dimensional Anti-
de-Sitter spacetime. The bulk (d 4+ 1)-dimensional Anti-de-Sitter spacetime is denoted by My,
therefore the boundary of the AdS,,; is labeled by 0M,. One can compute EE of a subsystem
A in CFT, by calculating the area of a codiemnsion-2 static minimal surface 77". This static
codimension-2 minimal surface is known as the Ryu-Takyanagi surface. Therefore, the holographic
entanglement entropy of spatial region in CF'T side is given by

Area(~}

Supr(A) = e

(1.120)

In [77], it was shown that one proof the above formula by using the GKP-W relation and the
replica tricks. We wolud also provide a heuristic proof of the above formula in the following. The
proof of the RT formula is based upon the basic principle of AdS/CFT correpondence, which is

given as

ZoFT = ZAdS gravity - (1.121)

The above equation relates the partition function of the CFT to that of the AdS gravity theory.
Now to obatin the EE in the CFT side one need to compute the patition function on the d-
dimensional n-sheeted geometry. Let us denote this n sheeted complicated geometry as B,. One
can characterise this geometry by the deficit angle § = 27(1—n) on the entangling surface 0A. Next
to proceed further one need to a (d+1) dimensional backreacted geometry S, in the dual AdS space
by solving the Einstein equation in the presence of the negative cosmological constant, such that
the metric goes to the B, in the boundary limit. This seems to be very difficult mathematically.
To avoid this issue we will make a simple assumption given in [?]. In this work it was suggested
that, the backreacted geometry S, is given by n sheeted AdS;,1 which can be defined by putting
the deficit angle § localised on codimension two surface v4. Keeping this assumption in mind, one

can obatain Ricci scalar for S, as
R =47(1 —n)d(y4) + RV (1.122)

where §(74) is delta function localised on the codimension-2 surface 4 and R® is the Ricci scalar

associated to the pure AdS background. Our next task is to compute the logarithm of the partition
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function on the gravity side by keeping all this in mind. Therefore, we have

1
N
_ (1 —n)Area(ya) 1 d+1 (0)
— _4r 5 GEY " TorG A2 /g(RO 4 A)+ ... (1.123)

Now using the bulk boundary condition given in eq.(1.121) one can obtain
(1 —n)Area(ya)
47TGS\C,H1)
Next we need to compute the Reiny entropy by using the formula given in eq.(1.56). Then taking

log(Zorr) = log(Z aqs) = + (q independent terms) (1.124)

the n — 1 limit we have the following result of HEE

A min
Suep(A) = % . (1.125)
N

This completes the heuristic proof of the RT- formula of computing the EE of a region in CFT
side by using the gauge/gravity duality. For further details one can go through [77].

However, in case of two dimensional CF'T, the EE of a subsystem obatined by replica trick matches
exactly with that of obtained by the above mentioned RT prescription. Therefore it is belived that
this prescription of computing EE works for any dimensions. We would like to mention that the
HEE obtained by this way obey all the properties of EE listed in section(1.1.1). It is much more

eaiser to proof those properties geometrically.

1.4.2 Holographic mutual information

Mutual information is another important quantity in the context of quantum information. In this
section we will discuss how one can compute this quantity holographically. Let us consider two sub
systems A and B in the CFT side, therefore the holographic mutual information (HMI) between

these two sub systems are given by

In the above expression Sypg(A), Sppr(B) and Syrprp(A U B) represent the holographic entan-
glement entropy of the A, B and A U B repecetively. It can be shown that, HMI (I(A : B)) is
positive definite quantity, that is /(A : B) > 0. It measures total correlation in the system, both
the classical and quantum correlation. Furthermore it is also easy to show that holographic mutual

information obey all the properties of mutual information which we have discussed in section(1.1.2).
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1.4.3 Holographic description of EoP: Entanglement wedge cross-section

As we have discussed earlier, the EE captures the quantum correlation present in a system as long
as the system under consideration is in a pure state. If state of system under consideration is in a
mixed state, then EE is not good candidate to capture the quantum correlation. Therefore, various
research in this direction shows that, entanglement of purification is one potential candidtae,
which can measure quantum correlation in system, when it is in the mixed state. It is to be
mentioned that, the computation of EoP is extremely difficult in the context of field theory. Thus
gauge/gravity duality plays an important role to provide a nice prescription to compute EoP
holographically. The holographic analogue of EoP is termed as the entanglement wedege cross
section (EWCS). We now holographically compute EoP, which is one of the potential candidates
to quantify entanglement for mixed states. This computation holographically probes EoP on the
basis of Ep = Ey duality [4, 78, 79, 80].

To proceed further we consider two strip like subsystems on the boundary OM (M is the boundary
of the canonical time-slice M that has been considered in the gravity dual). Let us denote these
subsystems as A and B with both of them having the same length [. Further we assume that
the subsystems, A and B are separated by a distance x with the condition A N B = 0. The Ryu-
Takayanagi surfaces associated to A, B and AB can be denoted as I}, '™ and [} respectively.
Therefore, the co-dimension-0 domain of entanglement wedge M,p can be characterized by the

following boundary
OMup=AUBUT =T,UTlp (1.127)

where Ty = AUT4,, I'p = BUTEL. In the above expression we have used the condition
min — Iz UTE,. In this secnario, one can define the holographic entanglement entropies
S(paura,) and S(ppurs, ). This can be computed by identifying a static RT surface Y with the

following condition

OXm =9y = dl'p . (1.128)

min

We would like to mention that, the splitting condition I'"j# = ' U TS is not unique and there
can be infinite number of possible choices. Further, this means that there can be infinite number

min main

of choices for the surface X}'z'. The EWCS is computed by minimizing the area of X'} over all
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possible choices for X774, This reads

o [AREE)
E = — . 1.129
W (pAB) FA%EAB |: 4Gd+1 ( )

EWCS is bounded by HMI, given by following

Ey > @ . (1.130)

1.4.4 Holographic computation of Entanglement negativity

We now consider another important measure of quantum correlation for mixed states, the en-
tanglement negativity (also known as the logarithmic negativity) (Fy) . In section (1.1.4), we
have discussed the concept of entanglement negativity and its importance in context of quantum
information theory. Noe we will proceed to discuss how one can compute entanglement negativity
holographically. Two different proposals have been suggested by various literatures in this direc-
tion.

In one of proposal, it was stated that, F can be computed by calculating the area of an extremal
cosmic brane that terminates at the boundary of the entanglement wedge [81, 82]. This proposal
is motivated by the quantum error correcting codes and states that the logarithmic negativity
is equivalent to the cross-sectional area of the entanglement wedge with a bulk correction term.
However, for a general entangling surface this is difficult to compute due to the backreaction of
the cosmic brane. This calculation simplifies a lot for a ball shaped subregion. In this set up,
the backreaction is accounted for by an overall constant to the area of the entanglement wedge

cross-section. Then it is conjectured that [81, 82, 83]

Ew
Ex = oo 1B, 1.131
N Xd4GN + Dpulk ( )

where Fy is the minimal cross-sectional area of the entanglement wedge associated with the
concerned boundary region and xy is a constant which depends on the dimension of the spacetime.
Eyu is the quantum correction term corresponding to the logarithmic negativity between the bulk
fields on either sides of the entanglement wedge cross-section.

Another proposal suggests that the entanglement negativity is given by certain combinations of

co-dimension-two static minimal bulk surfaces [84, 85, 86, 87, 88, 89]. Both of these proposals
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reproduce the exact known result of entanglement negativity in CF'T. In this paper, we follow the
second proposal where entanglement negativity is given by the a certain combination of the area
of co-dimension-two static minimal surfaces in the bulk. These combinations can be obtained from
the dual CFT correlators. Some recent works in this directions can be found in [90, 91, 92, 93, 94,
95, 96, 97, 98].

We now compute Ey by considering two different set ups, namely, for two adjacent strip like
subsystems and for two disjoint strip like subsystems. At first we consider adjacent scenario. Let us
consider two strip like subsystems A and B with lengths [; and [; with zero-overlapping. In the case

of such adjacent subsystems the entanglement negativity (Ey) is defined as [84, 85, 86, 87, 88, 89]

3

SEE(ll) + SEE(ZQ) — SEE(ll + lg)] . (1132)

As we have mentioned earlier, we now consider two disjoint strip like subsystems A and B with
length [; and l5. The subsystems under consideration are separated by a length z. In this case the

entanglement negativity reads [99, 100]

3
Eng, = 1 [Ser(l + ) + Spp(le + ) — Spp(l + 2 + x) — Spe(z)] - (1.133)

1.4.5 Holographic computation of complexity

The holographic derivation of quantum complexity was first proposed by L. Susskind [21, 20]. In
these works he proposed that the quantum computational complexity associated to a state of the
CFT which lies at the boundary is equal to some extremal volume inside the bulk. To be precise,
it has been noted that the Einstein-Rosen (ER) bridge (in simple language the wormhole) which
connects the both of boundaries of a two-sided eternal black hole (which is nothing but the dual
analogy of thermofield doublet or TFD state), has an ever-growing nature (which is expressed in
terms of the thermalization time-scale of the black hole). This growth sustains much longer in
comparison with the growth of EE between the mentioned two-boundaries of the eternal black
hole. Susskind proposed that this growth of the ER bridge is a dual manifestation of the growth
property of the complexity associated to the TFD state of the boundary CFT [20].
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Complexity=Volume conjecture

This first proposal which was given regarding the holographic computation of complexity, is known
as the Complexity=Volume (CV) conjecture. It is to be noted that this proposal was given regard-
ing the whole state of the CF'T living at the boundary as there was no notion of subregions in this
conjecture.

According to this proposal, the quantum complexity can be holographically computed by eval-
uating the extremal volume associated to a codimension-1 surface inside the higher dimensional
gravitational theory, defined on a Cauchy-slice ¢ which associated to the boundary state. This

can expressed as

Cvolume(o_) = max (

o=0v4

Volume(7.,) )

1.134
GNLaas ( )

where the mentioned extremal surface is denoted by 4. Furthermore, this proposal also suggests

that the state defined on o is a pure state [101].

Complexity=Action conjecture

Another proposal regarding the holographic computation of complexity was later given in [102, 103].
In this conjecture, it was suggested that the complexity can be holographically computed by
computing the classical gravitational action which resides inside a causal domain of dependence,
denoted as the Wheeler-DeWitt (WDW) patch. It is to be mentioned that the mentioned patch
is the domain of dependence of each and every space-like hypersurface which is anchored on
boundary time-slice 0. Keeping in mind these properties, this conjecture has been dubbed as the
Complexity=Action (CA) conjecture which can be mathematically represented in the following

way

I
Caction(0) = V:;LW (1.135)

where Iy pyw denotes the gravitational action on the WDW patch. The factor % was fixed in order
to satisfy the Lloyd’s bound [104]. The gravitational action on the WDW patch has the following

generic form [105, 106]

]WDW = IEinstein + [G’HY + ]null + Ict + ]joint (1136)
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where

Ipinstein = 167r1GN / A /=g [R — 2] + Inatter,
Iguy = 87T1GN/ddx\/—_hK,
Lt = g [ VK.
I, = 87T1GN / dAdQ_1v/—7 1og(140),
Ligint = SW]LGN / dQa 1V —0pimt - (1.137)

In the above expressions, [g;,sein represents the classical Einstein-Hilbert action. In WDW patch,
one needs to introduce boundary terms corresponding to timelike/ spacelike/ null-like boundaries,
in order to yield a well-defined boundary value problem. The Gibbons-Hawking-York term Igpy
[107, 108] has been used to take care of the spacelike/ timelike boundaries in WDW patch. On the
other hand, the null-like boundaries is taken care by the boundary term 1I,,,;; [105, 109]. Further, in
WDW patch, the spacelike/ timelike boundaries sometimes intersect with each other. These kind
of contributions have been taken care of by the terms Iy, [110, 111]. If one of these boundaries
is a null-like boundary then the associated contribution is represented by I [105].

However, similar to the CV conjecture, the CA conjecture does not have a notion of subregion at

the boundary. This implies it probes the complexity associated to the whole state.

Holographic subregion complexity

As we have mentioned, both of the above mentioned holographic proposals of computing complexity
corresponds to the whole state of the boundary theory. However, in [112] a proposal was given
in order to compute the complexity associated to a subregion at the boundary theory (which
generally gives us a mixed state). This proposal was inspired by the the previously mentioned CV
conjecture, with some subtle differences. This we shall discuss now.

The RT prescription to holographically compute the EE suggests that one first needs to identify
the codimension-2 static minimal surface. As we know, the area of this surface is proportional to
the EE associated to the boundary subsystem namely A. On the other hand, Alishahiha proposed

that the volume enclosed by this extremal surface (RT surface) shall lead us to the complexity
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associated to the chosen geometric region A which we denote as the boundary subregion [112]. This
has been denoted as the holographic subregion complexity (HSC) proposal which has the following
mathematical form

~ Volume(y3"")

The above proposal has been argued to measure the complexity of preparing the reduced density
matrix associated to the boundary state. In chapter (5), we have used this proposal to calculate
HSC. We have also used this conjecture to calculate the mutual complexity which quantifies the

mixed state complexity.

1.4.6 Holographic analogy of mixed state complexity

As we have discussed in section (1.1.5), the CoP has emerged as the measure of complexity asso-
ciated to a mixed density matrix. In [32, 35, 113], it was suggested that mutual complexity is the

holographic counter part of CoP. It has the following mathematical form
AC =C(pa) +C(pg) — C(pas) (1.139)

where A = B. The mentioned quantity enables us to measure the rate complexification rate in
any of the two subsystem and its effect on the rate of complexity growth in the other subsystem.
Furthermore, the roleplay of non-vanishing correlations (between A and B) on the complexity
growth can also be probed via AC. One can also verify whether the growth rate of complexity (of
a subsystem) can be enhanced by introducing another subsystem or not. However, the concerned
subsystems must be correlated to each other. It is easy to note that the definition of AC can
be thought as a combination of multiple complexities and one can apply any of the holographic
proposals (CA proposal, CV proposal or the HSC proposal) to compute them. However, the result-
ing expressions for various holographic proposals are very unlikely to match and this could mean
something very interesting is happening here. For example, if one of the holographic proposals
leads to the result AC > 0, that is C(pa) +C(ps) > C(pas), then based upon the properties of CoP,
one can conclude that they are having the separable result (provided in eq.(??)). As opposed to
that, if the resulting form reads AC < 0, that is C(pa) + C(ps) < C(pag), then eq.(??) suggests

that the computed result corresponds to a entangled state.
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Chapter 2

Computation of information theoretic
measures for deformed N =4

supersymmetric Yang-Mills theory

In this chapter ! we would like to discuss different information theoretic measures for deformed
super symmetric Yang-Mills theory (SYM). Here we will consider two different kind of diforma-
tion of SYM theory, namely, the noncommutative super Yang Mills theory (NCSYM) and dipole
deformed super Yang-Mills theory(DSYM). We will use the technique described in section(1.4) to
compute different information theoretic measures holographically. These diferomation makes the
theory non-local. This motivates us to look into the effct of non locality on different information
theoretic measures. We have also found the effect of both noncommutativity and dipole deforma-
tion on the different measures of quantum correlation separately. In both the theories, we have
found that, there exists a critical length scale above which the HEE obey the area law, and below
that length scale HEE obey a volume like law. This is one of most interesting features arises due
to the non locality. We have computed different measures of quantum correlations in both the
domains of the theory. In the subsequent section we have described those in details. First we
have considered the NCSYM theory and it gravity dual to compute those measures. We have also

carried out our computation for fininite temperature NCSYM theory by considering black hole in

this chapter is based on [114, 115].
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the bulk spacetime. Then we have proceed to the DSYM theory and consider its gravity dual to
compute all the mentioned information theoretic measures. In ace of DSYM we have only consider
the zero temperature scenario. Another interesting features of NCSYM theory is that, it has the
UV-IR mixing properties. On the other hand, in case of DSYM theory we donot have the UV-IR

miixing. We will put stress on it in the subsequent discussion.

2.1 Information theoretic measures for NCSYM theory

Noncommutative geometry is one of the very facinating topic of research in recent days for both the
physicists and mathematicians. In terms of mathematics, noncommutative geometry is equivalent
to a program of unification under the umbrella of the quantum apparatus, which includes the theory
of operators and C*-algebras. Here we will not discuss the mathematical presprective in details,
for further details one can go through. Noncommutativity also has wide range of application in
different area of physics the reinterpretation of the phenomenological Standard Model of particle
physics as a new spacetime geometry, to the quantum Hall effect, strings, renormalization and
more in quantum field theory.

One can find the more concrete proof of spacetime noncommutativity from the string theory. In
string theory we have an intrinsic length scale [,, to probe physics at smaller length scale. Therefore
we cannot probe the physics at length scale smaller than this characteristics length. Furthermore,
very high energy string scattering amplitude suggests the following form of the string modified

Heisenberg uncertainty principle

a1

We can recover the ususal quantum mechanical result in the limit [, — 0.
One can define a noncommutative space, we need to replace the local corrdinates z' of R? by

Hermitian operator 2!, with the following commutation relation

where 0¥ is an antisymmetric tensor in 7,5, where 4,7 can take all possible values. In our work we

will assume noncommutativity only in a plane, therefore only one coordinate pair of ¢;; will be
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non-zero. Now we would briefly discuss about the Moyal star product. To motivate this Moyal

star product let us consider two dimensional noncommutative plane such that,

where time ¢ is the commutating parameter. At this point, one can either proceed with the quan-
tisation program using operator-valued coordinates or degrade the operators z; and Z, to regular
c-numbered valued coordinates, where the Moyal star product [116] must perform the compositions
of any pair of functions thereof. We would now describe this heuristically, by considering Wely’s
prescription of constructing Weyl ordered operator W[f(Z)], from the cnumbered valued function
g(Z) of two commutating variable x1,z5. This prescription tells us that, we need to replace =

occuring in the exponent of the following identity

# [ @ e g (2.4)

Now for the operator 57’, the Weyl order operator is given by

f(@) =

1
(27)?

Keeping this above definition one can show that, for any pair of functions f(x;) and g(z;) the

WIF(@)] = / Pk Pyt ED [ (i) (2.5)

composition should be modified as following

W[ f(z:)]Wlg(x:)] = WI(f * g)(:)] (2.6)
where
(f * g)(w:) = e“2PU%0% £ () g (i) y—a (2.7)

In this section we have considered noncommutative super Yang-Mills theory. To make the gauge

theory noncommutative we need to define the product of two ordinary function as follows

i ij 8 _9 .
(f % g)(x) = e 050 f(2)g(y)ly=a 5 1,5 =2,3; 22 =12, T3 =y (2.8)

where f(z) and g(x) are two ordinary functions. The above product is known as the star product
[117, 118, 119]. The main motivation to study this kind of deformed star product gauge theory
are that, it is non-local in nature and it exhibits the UV-IR mixing properties.

In this chapter we would discuss the effect of noncommutativity on different information theoretic
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measures. We have considered a strip like subsystem to compute different information theoretic
measures holographically. We have found that, there is critical length scale <%>, which depends
on the UV cut-off. Above this critical length scale HEE follows area like law, and below that
length scale HEE obey volume like law. We have obtained the result of HEE both analytically
and numerically in different domains of the theory. We have also obtained the relation between
the subsystem length (é) and the turning point (aw;) both numerically and analytically. The
relationship between the subsystem size (in dimensionless form) L and the turning point (in di-
mensionless form) introduces three domains in the theory. These regions are named as, the deep
UV domain (I < l.; auy > 1, auy ~ auy), deep noncommutative domain (I > l., au, > au; > 1)
and deep IR domain (I > [., au; < 1). This in turn means that the length scale [, distinctly points
out the UV/IR mixing property of the non-local theory under consideration. Then we have moved
on to the holographic study of entanglement entropy for each of these domains by both analytical
and numerical techniques. The broken Lorentz symmetry induced by noncommutativity has mo-
tivated us to redefine the entropic c-function. We have obtained the noncommutative correction
to the c-function upto leading order in the noncommutative parameter. We have also looked at
the behaviour of this quantity over all the domains of the theory. We then move on to compute
the minimal cross-section area of the entanglement wedge by considering two disjoint subsystems
A and B. Then we proceed to compute entanglement of purification holographically by following
the Ep = Ey dualitye. The correlation between two subsystems, namely, the holographic mutual
information I(A : B) has also been computed. Moreover, the computations of Ey and I(A : B)
has been done for each of the domains in the theory. We have then briefly discussed the effect of
the UV cut-off on the IR behaviours of these quantities. Finally, we consider finite temperature
NCSYM by considering a black hole geometry with a noncommutative parameter and study the
influence of both noncommutativity and finite temperature on the various measures of quantum

entanglement.
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2.1.1 Dual description of noncommutative super Yang-Mills theory at

zero temperature

In [120], it was shown that the non-zero NS-NS B-field leads to noncommutative space on the D-
brane which decouples from the closed string excitations. The B-field is introduced by performing
a T-duality in a particular direction while the other directions are compactified on a torus. In
[121, 122], a stack of D3-branes with non-zero B-field (in a certain plane) was considered and it
was shown that at a particular decoupling limit, a holographic dual of SU(N) noncommutative
super Yang-Mills theory exists. This type IIB gravity dual is described by the following metric in
the string frame [121, 122]
2

d
ds* = R*| —u?dt® +uPdy? + uPh(u)(dys + dy3) + u—z + R*dQ)? (2.9)

where h(u) = and a = A/*/¥ is the renormalized noncommutative scale or the NC param-

eter. The NC parameter is non-zero only in the yo — y3 plane with the commutator [ys, y3] = 0.
The non-vanishing dilaton profile is specified as €2® = g2h(u) where g, is the string coupling. The
t’Hooft coupling constant is related with the AdS radius as v\ = 1;—,2 where o is the string tension.
Further the only non-vanishing component of the NS-NS B-field reads Bys = R*a*uh(u).

We would like to make a comment now. The (yo,ys3)-plane collapses in the UV limit, that is,
as u — o0o. Hence it is necessary to introduce a UV cutoff. We shall see subsequently that the
introduction of this cutoff leads to the presence of a critical length, and the study of entanglement
of regions smaller than this critical length needs to be done carefully. For cylindrical entangling

regions, the necessity of the cutoff is the following. Without the cutoff, all bulk surfaces would

correspond to the same boundary region in the collapsing (z2, x3)-plane [123].

2.1.2 Holographic computation of entanglement entropy and UV/IR
mixing
To start our computation of information theoretic measures holographically, let us consider a strip

like subsystem, A. We can specify the subsystem by the volume Vi, = L%, where —% <y < %

and yi,ys € [—L, L] with L — oco. We have also assumed that the widths along y; and ys3 are
fixed and only the width along y, can vary. We have made this choice of the subsystem such that,
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the effect of nonncommutativity can be captured. Now we would proceed to compute the HEE by
following the RT prescription. We would construct the codimension-2 RT surface by considering
the parametrization u = u(ys). Furthermore, the metric given in eq.(2.9) is written in the 10-
dimensional string frame with a non-vanishing dilaton, but the calculation should be done in the
Einstein frame. Therefore one can rewrite the metric in the Einstein frame by using the following

transformation

gfy — e_%gfy ) (2.10)

Now using the above transformation, we have \/gf = e¢72?\/g5. Therefore the generalised RT

formula for 10-dimensional string frame is given by

Area(Tm)

1 _
R PG

B 2R8L2Vol (€2s) /
T

/

du
u4h dys

where Gg\l,o) is the 10d Newton’s constant. It is related with the 5d Newton’s constant as Gg\l,o) =
7T3R5G§\E;). The integrand in the above equation can be thought as the Lagrangian, then it is easy

to see that ys is a cyclic coordinate. This means there is a conserved Hamiltonian of the following

form
w3
H = ————== = constant(c) . (2.12)
L+ u‘gz(u)
Now we will use the fact that, at the turning point u = u, 53:“2 = 0. Thus one can fix the value of
the constant ¢ = —u?, which gives us the following differential equation

(]

Now we substitute eq.(2.13) in eq.(2.11) and use the following boundary conditions (this imple-

ments the UV cutoff)
[ 1
u(xe = :|:§) =up =

this results the following dimensionless form of HEE

2R¥LVol Q5 / \/p + (aug)? (2.15)

2G O pb

(2.14)

2
a“SHpE =

auy,
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where p = 4. On the other hand the subsyemtem length (in dimensionless form) in terms of the

bulk coordinate is given by

:i ' dpp p* + (aw,)?

l
a au —_— 6
a  au o V1—9p

We can find a explicit relation between the subsystem length and the turning point by performing

(2.16)

the above integral by both the numerical and analytical way. Before doing this we would found
this relation between turning point and susbsystem length in two different domains of the theory.
First we consider the deep IR limit by considering the fact that au; << 1. In deep IR limit one

can obtain the following relation

(&)
@ deep IR

(2.17)

Q

auy / \/ 1 —
2 (2/3)
(aut)ﬁf‘(l/@ )

The above result suggests that the deep IR limit leads to the result of ordinary commutative N’ = 4

super Yang-Mills gauge theory (AdSs x S%) in 3 + 1-dimensions. This in turn means that one can
denote the deep IR limit as the commutative limit of this theory. On the other hand, the deep
noncommutative (NC) limit can be incorporated by the fact that, au; > 1, and au; < auy, [124],
this leads to

l) ! P
- ~ 2(au) dp— (2.18)
(a’ deep NC \/1_7])6

\/_F(1/3) PA/3) ey
3 T'(5/6)

The deep UV limit, on the other hand, needs to be analysed very carefully as we shall see later.

Our goal is to find an analytical solution by which we can probe the UV-IR mixing property. To
proceed further we wolud find the relation between the subsystem length and turning point in two
different domains, namely in the domain au; < 1 and au; > 1. First we will consider the domain

where au; < 1. In this doamin eq.(2.16) can be written as

Lo L[/ pm / dp? p+““t)]. (2.19)

p

a  (aw)

In the above eq.(2.19), we have divided the whole integral in two parts. The first integral suggests

that, 0 < p < (au;) and hence 7aay < L. Similarly for the second integral (au;) < p <1 and hence
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4
(au) 1. Now we can make a binomial expansion by keepinng terms upto O <L> in the first
p aut

4
integral and terms upto O (‘%) in the second integral. This results the following expression for

the subsystem size (for au; < 1)
o0 ( aut)(6”+3)

e Q(aut)F(%)_(aut) In(aw;) + (auy) 27—6_ Z 6)

=N 2 T(n+3) [1— (1/au)om*? 1 1— (1/aub)6n+6 6n+3
* (nz_ { (6n+2)  (6n+d)  206n+6) D (au) ™ (220

On the other hand, in the domain au; > 1, the expression for (1) (in eq.(2.16)) reads

(2) = 2o [ w2 S e

auy n=0 m=0

—_
—_

B > L(n+ )
B Z I(n+ 1)I'(m+ 12 — m) (au)*™ 1 (6n + 4m + 2)

6n+2
auy n+
11— —
auy

6n-+4 2

a n+4m-+
1— [ ==
aup

> I(n+ %) 1 1 au, \ 5
" ; T'(n+ 1)T(2)T(3) (au)? (6n +6) L= (a_ub> ] (2.21)

™ (p<1). (2.22)

1 B Lf(n
N AT

One can observe that, in the limit a — 0, eq.(2.20) one can reproduce the result of commutative

SYM theory.
6n+4
1 <%> ] . (2.23)
auy

Now we will perform numerically the perform the integral given in eq.(2.16) and compare it with

l > 1
(5) sy V(awy) Z (6n + 4)

n=0

our analytically obtained result given in eq.(2.20) and eq.(2.21).
We would observe that, our analytically computed result matches perfectly with the numerically

computed result from Fig.(2.1). The plots have been made for two different values of cutoff
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Figure 2.1: In the above figure we have shown the variation of subsystem length (in dimensionless
formé) with respect to turning point (in dimensionless form aw;) for two different values of the
cutoff (au, = 10,20). The dotted curve represents the numerical result and the solid curve dontes
the analytical results given in eqs.(2.20,2.21) . The red dotted curve shows the commutative result.
To get the analytical plots corresponds to noncommutative case we have used eq.(s)((2.20),(2.21)).
It is to be noted that, the value of both the functions matches at au; = 1 and is equal to 1.7255
(for au, = 10) and 1.733 (for au, = 20).

au, = 10,20. It is to be noted that, for au, = 10, é has the first local minimum (é) .~ 1.61

mu

which occurs at (au;)"™™ =~ 0.78 (obtained numerically), and for au, = 20, (é)mm ~ 1.64 at

(au;)®P" ~ 0.77 (obtained using eq.(2.20))?. This implies that the domain upto (au;). can be

treated as the IR domain, and beyond (aw;). it probes the deep noncommutative domain (where

é is proportional to au;), and then the deep UV domain. We now try to estimate the value of

(auy). analytically by using the results given in eq.(s)(2.17),(2.18). By equating these results of é
corresponding to deep NC and deep IR limits at au; = (auy)., leads to the following

2 TR VAT/B) e
(au)eme Y "T(1/6) 3 T(5/6)" ¢
= (auy)?™ = 0.784 . (2.24)

C

We can observe that the analytically estimated value of (au,)?"* matches well with that obtained

graphically (using the approximate expression for L given in eq.(2.20)) and numerically. We can

2(auy). is the value of au; where é has the first local minimum.
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also observe from Fig.(2.1) the fact that, [ goes to zero for large au, (that is, au; — aw,) reflecting
the fact that extremal surfaces exist for any [. Another important fact is that, there exists some
lengths [ for which there are more then one turning points. This is one of the signature of UV-IR
mixing property. This completes our analysis about the relation of subsystem length and turning
point.

Now we shall proceed to compute the expression of a®?Sypgr (given in eq.(2.15)). Similar to the
previous analysis, we first compute the expressions of HEE corresponding to the deep IR and deep
NC limits. As we have observed earlier, in the deep IR limit, we can get the commutative results.
By using this fact and eq.(2.17), we obtain the finite piece of HEE in the deep IR (commutative
limit). This reads

(a2SHEE|fimte) _ —\/—Ew(aut)z _ _(ﬂ,)g/g (M)i’) <2>2 (2.25)

deep IR 4 T'(1/6) I'(1/6) l
_ (10)
where we have used the scaling Sypr = (%) Sype. Similarly in the deep NC limit

(a%“ ~ 0), the finite piece of HEE reads

(@*Supel™) jeep no = 16713/2 (31%5//36)))3 (é)4 . (2.26)

Our next goal is to obtain a general expression of HEE in terms of the turning point. To do this

we have followed the similar prescription that we have used to find the relation between subsystem
length and the turning point. Therefore, first we will obtain the HEE in the doamin au;, < 1 by
using the result given in eq.(2.15). Keeping this approximation (au; < 1) in mind the result of

HEE (in the domain au; < 1) is given by

_ w/l—i- aut 1
GZSHEE = {Clut / 6 /

aut

1+ (50
dp—}
pPy/1—p°

25 > 1 F(n + 5) 1 1 1 6n
@ S + <n21 o/ T(n + 1) {(671 0 " 12m) " Gno 2)]) ()
=1 T(n+3) (au)®™ 1 Dln+d) (aw)S =1 T(n+3) (aw)?
B ;4ﬁr(n+1) (6n — 6) +n:2 4y/m T (n+1) (6n — 6) +§02ﬁr(n+1) (6n — 2)

1 (auy)® sT(2)log(auy)
{6 —or (auy) N } . (2.27)
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In the above result of HEE there is a divergent term which is independent of the turning point,
hence it is independent of susbsystem length. The divesrgent piece [51] reads

1

_ |
a?Sy, = g(aub)4 + M )

I (2.28)

However, to obtain the correct result correponding to commutative SYM theory we need to take
the limit a — uib Therefore in this limit the finite piece of eq.(2.27) gives the HEE corresponding
to the commutative SYM (given in eq.(2.25))

[e.9]

. B 1 T(n+3) 1 ,  V/TI(2/3)
@*Snpelicer 15 =) AT+ 1) Gn—2) ") = 1 1(1/6)

n=0

aug)? . (2.29)

On the other hand, the expression of HEE in the domain au; > 1 reads

S ~ 1 4 4 1 aut (au)? = 1 F(”‘l’%) 1 aug \
@Sups % g ((ow) = (aw)) _Zln<a_ub) T Z_7rF(n+1) (6n — 4) (1_ (a_%) )

I T DI —m) )@ A1)
1 o= — F(n—l—%) 1 1 auy 6n+4(m—1)
. 1;% L(n+ DE(m+ 1I(E —m) (au) =V (6n + 4(m — 1)) (1_ <a_ub> ) :

Note that if we naively pick the limit a — 0, the calculated result of HEE does not yield the
commutative result, in contrast to the computed result of é The reason for this is that we
introduced a dimensionless cut-off au, to alter the divergence structure. This change links the NC
parameter to the cut-off, which is similar to the UV /IR mixing property. The reason for this is as
follows. The dual field theory’s momentum cut-off, which is inversely proportional to the lattice
spacing, is represented by the radial cut-off wu,. Furthermore, the NC parameter ¢ is connected
to the momentum cut-off u;, of the lattice field theory for a noncommutative field theory (with
noncommutative parameter ). Consequently, it is impossible to use a limiting value of a = A/ 4/9
without affecting the momentum.

Now we will reprent our numerical and analytical results graphically. In fig.(2.2), we have compared

55



1600 T T T 24000

Analytical ‘ ‘ Analytical
Numerical -~ ---- Numerical - - - -
1400 ]
. 20000 ————————— A S
1200 | e £ T T
16000
1000 | R e
i ] - '
o 800 - o 12000
N o~
© ©
600 [
8000 -
400
4000 -
200 [
0 4 L L L L O i L L L
0 2 4 6 8 10 0 5 10 15 20
l/a l/a
aup = 10 aup = 20

Figure 2.2: The above figure represents the variation of HEE (a?Sgg) with respect to the sub-
system length (in dimensionless form %) for two different values of cutoff (aw, = 10,20). The
solid curve denotes the analytical results which can be obtained by using the results given in
eq.(s)((2.20),(2.21),(2.27),(2.30)). On the other hand, the dotted curve represents the numerical
result. It is to be observed that, for the noncommutative case, the value of both the functions

matches at au; = 1 and is equal to 1250 (for au, = 10) and 2 x 10* (for au, = 20).

our analytically computed result a>Sgg (given in eqs.(2.27 , 2.30)) with that obtained numerically
from eq.(2.15). We have used only the finite pieces of EE. It is to be noted that, our analytical
result is in very good agreement with that obtained numerically. The plots have been made both
numerically and analytically for au, = 10, 20.

Now we will proceed to make our analysis in the deep UV domain. To proceed further we would
follow [125]. In [125], it was argued that for studying surfaces anchored on small strips, u(ys) can

be expanded in a power series of ys (for small ys)
u(ys) = ug + urys + Usys + ... . (2.31)

Using the fact u(ys = 0) = u; and the boundary condition in eq.(2.14) and substituting this in
eq.(2.13), we obtain

u(ys) = ut + §u—§y§ + ... (2.32)
2 [1 4 a*uf]

Now substituting y» = £ in the above equation we get [127]

3 u?
ub:ut—l——

ST (aayyt O (W) (2.33)
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This result can be substituted in eq.(2.11) to get

201 3P 0P ]
(?3 “ ST (o] s o ¢ (W) )

7
_ % ((aub)?’é - g (2)3 fl +((T;2ub)4) N g (2)5 aiub(l + (1}%1))4)2>
@)

+ 0 ((l/a)7) . (2.34)

9=
a“Supe =

It is to be noted that, we have also provided the finite terms apart from the leading oreder term
given in [125]. These finite terms vanishes in the limit € — 0 in the above equation. To obtain
the critical length scale [, below which we have the deep UV region, we need to equate the leading
order leading order divergence term of the above result with that obtained in eq.(2.28). This yields
the critical length I, to be 3

a’uy

l.~— . 2.
o~ (2.35)

One can recast the above result in the dimensionless form as follows

o~

c aup
. 2.
- 5 (2.36)

These two results suggest that the critical length scale depends on the UV cutoff of the theory.
This is a clear signature of the UV-IR mixing property.

Therefore, the result of HEE given in eq.(2.34) holds for [ < [, and egs.(2.27 , 2.30) holds for [ > [..
Using the relation given in eq.(2.35), one can recast the expression of Sgg (given in eq.(2.34)) in

the following form
2
oy e (V[EE 8 (1 Y eEy o 1 Ny
P e \a ) e a1+ () )\ 16 \1+(2)1) \i2e?) "

-5 [% i () ()~ 5 (rrme) (o) +

We shall now investigate the c-function of the dual field theory holographically. We shall carry

.(2.37)

out our investigation for [ > [.. As we shall see in the subsequent discussion that the deep UV

solution (for [ < [.) poses problems in the determination of the c-function. For this we now

3The left panel of Fig.(2.1) has been plotted for au, = 10. This gives %C = 5. Hence, we can see that the critical

length % below which we have the deep UV limit is larger than (L)min which means that an observer in the field

a

theory will not realise that there is a minimum length (é)mm
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proceed to write down the expression of a>Spp|/ ™" (given in eq.(2.27) for au, < 1) in terms of the
dimensionless form of the subsystem size é (given in eq.(2.20) for au; < 1). Keeping the leading

order noncommutative correction, eq.(2.20) can be recast as

Lo V7T T(G) L L) (e stontan — 62 — (2N (gt
@~ Sau) () [”w%r@/:a) (4“g4 o) ~6 ) ())( t)]
(2.38)

Now with the above expression in hand and assuming au; to be very small (au; << 1), we can

solve it perturbatively and write down aw, in terms of L. This reads (for au, << 1)

wu (L) = 00, @ o log(L)
( )‘(9*@5* Gk (2:39)

where Z—ZZ has been neglected since it is very small. Similarly, we now approximate the expression

for a?Spp|/™1 (given in eq.(2.27)) by keeping the leading order NC correction terms only. This

leads to the following expression (for au; << 1)

_ - 1 I'(2/3
aQSHEE|fznzteN__ﬁ (/)(

~ 5 1 T(1/0) aug)? + L (3 +log4 — 6log(auy)) (aus)® . (2.40)

48

By substituting the expression of turning point au, (given in eq.(2.39)) in eq.(2.40), we obtain

4

- A, 1 VTT(2/3)  (3+log4) |ag a1 aplog(l)

2 v finite _ = _ a
@*Sup (a) | 6 | 4 T(1/6) 48 T T

ORNGEENGE 8) () by 4y
oo o ag lo é
x log @+(£)5+ (§5( )] (2.41)

where

Qo =

Val(3).

o 1
2 I'(5)

The expression given in eq.(2.41) represents HEE for a strip-like subsystem at the boundary. Using

the above expression we can holographically compute the c-function of the dual field theory which

we shall carry out in the next section.
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2.1.3 Holographic computation of the c-function

The c-function is a monotonically decreasing function (under renormalization group flow) measur-
ing the degrees of freedom of the theory and is stationary at the fixed points of the renormalization
group flow. Further, the value of the c-function at the fixed points are related to the central charge
of the two-dimensional conformal field theory (CFT). In [126, 127], a c-function in terms of the
entanglement entropy was computed for two-dimensional CF'T. This was a entropic reformulation
of the Zamolodchikov theorem [128].

For the EE corresponding to a single interval of length [, the c-function for 2D CFT reads [126,
127, 129]

dSHEE

= 3l
c 3dl

(2.42)

Following this direction, in [130] a c-function in terms of the EE, for a d 4+ 1-dimensional CFT has
been proposed. It is known that the HEE corresponding to a ‘slab’ like subsystem is given by [75]

L1 1 ¢, [\
SHEE = aed—l — (d—l)? (7) (243)

where « and [ are dimensionless constants, € is the UV regulator and Cy is the central charge.

Following the idea of 2D CFT, the following c-function along the RG flow for a d 4+ 1-dimensional
CFT was proposed [130]

- B 4ASHEE
c= (Ld_1>z ik (2.44)

Without loss of generality, we use the above c-function to characterize the degrees of freedom of NC
SYM. It is to be noted that the above mentioned c-function has been proposed for Lorentz invariant
theories. On the other hand the full Lorentz symmetry for NC SYM is broken as SO(3,1) —
SO(1,1) x SO(2). It remains an open problem to construct a c-function for systems with broken
Lorentz symmetry. However, we shall use the above definition of the c-function since it can still
probe the degrees of freedom of the system and observe the effect of noncommutativity on it.
Firstly, we look at the deep IR limit of the NC SYM. In this limit, we have the commutative SYM
and the EE reads (given in (2.25))

s = (TN sz o (L8 (3] (215
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where S3YM represents the universal divergent term of SYM. Now by correctly identifying 3 and
by using the definition (given in (2.44)) for d = 3, the c-function for the commutative SYM is
obtained to be

9:Gx
This is also the central charge of the N/ = 4 SYM theory in 3 + 1-dimensions. It is to be noted
that this identification of dimensionless quantity § is difficult to carry out for the expression of
Sgg corresponding to NC SYM (given in (2.27)). Hence, we proceed with the expression given in

eq.(2.41). We can recast the expression in the following form

covmr2 1 (1\° 1 a*al apa
- _ | = sym 712 _ 0 0
SHEE 2 Py <l> L {12@2 1616 log< l )}
4 2(3+1og4) /mI(2/3) VT T(2/3) l
com 2900 | 5 SR AR A Hlog( - 2.47
i I 96 4 T(1/6)™ 4 T(1/6)"0 (2.47)
where we have identified C*v™ = R8¥g$?5) and [y = %‘ It is to be noted that the first term
s N 0

is the usual one which we get from the commutative SYM in 3 + 1-spacetime dimensions. We now
introduce a [-dependent /3, namely, 5(I) and recast the above expression in the form

CsymL2 CsymLZ
122 28(1)2

SHEE =

(2.48)

where

1 1 avt (a3(3+1logd) aD(2/3)  aD(2/3) ,. (I
B0 T B (7) { 18 _7r(1/6)0‘1_7r(1/6)0‘°1°g<5>

_ % 1og($> } (2.49)

We now define the entropic c-function in the following way

Tl (2.50)

Computation of the above expression leads to the following

i = 1A [ R (1))

(3+log4)
TR

VE iD2/3) | of

4 °T(1/6) ' 16 (2.51)
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It can be observed that the first term in the above equation is the central charge of the commutative
theory whereas the rest probes the signature of a Lorentz violating theory induced by noncom-
mutativity. It can be noted that in the deep IR limit the c-function of the NCYM approaches
the constant value C*¥™ corresponding to the commutative Yang-Mills theory. For large é, (for
auy = 10), eq.(2.51) yields &%= = 1 which agrees very well with the numerical result. There is a
small difference between the two results only at the third decimal place.

Before ending this discussion we would like to point out that in the deep UV limit (I < [.), the
definition of c-function (given in eq.(2.44)) runs into a problem because of the non-locality of the
theory which leads to the violation of area law for Sgp. To see this we compute and graphically

represent the c-function for all possible values of é

200000 ; ; ; ; ; ; ‘ — 8 , ‘ —
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NC domain ----- 7+ | NC domain ----- 4
!
1
150000 |- 6l !
|
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Behaviour of the c-function in each domain Discontinous nature of the c-function

Figure 2.3: The above figure represents the varition of the c-function for all possible values of

subsystem length é To get this plot we set au,=10.

In Fig.(2.3), we have plotted (%) (ﬁ) in the vertical axis and in the horizontal axis we have
plotted é In the left panel of Fig.(2.3), we observe that in the IR domain the ratio (%) (Cﬁ)
apporaches unity, that is, the c-function of NC SYM matches with that of SYM. Interestingly, we
observe that there are discontinuous jumps in the quantity (see right panel of Fig.(2.3)) which is
due to the swallowtail behaviour of the HEE. These jumps appear at the junction between the IR
and NC domains of the theory, and the junction between the NC and UV domains (see Fig.(2.4))

of the theory. The discontinuities in the c-function therefore correspond to the transitions from

one domain to the other, in particular the discontinuity between the IR and the NC domains
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Figure 2.4: This figure reprensents the discontinuty in the c-function at the UV and the NC

junction.

correspond to a transition from the area to the volume law for the HEE.

2.1.4 Entanglement wedge cross section

Now we will proceed to compute the entanglement of purification holographically. The holographic
counterpart of EoP is knowns as the entanglement wedge cross section. The computation is based
on the Ep = Ey duality [4]. We have discussed this duality in details in section(1.4.3). To proceed
further we would consider following setup. We would consider two strip like subsystems on the
boundary theory 0M (OM is the boundary of a time-slice M we have considered in the gravity
dual). We denote these subsystems as A and B with both of them having the same length I.
Further we consider that A and B are separated by a distance d with the condition A N B = 0.
This in turn means that EWCS is the vertical constant yo hypersurface with minimal area which
splits the entanglement wedge of AB (that is,M4p) into two domains corresponding to A and B.
The time induced metric on this constant y, hypersurface reads

d 2
s, = R’ u2dyf+u2h(u)dy§+u—l; + R2dO? . (2.52)
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Now using this above induced metric and the formula given in eq.(1.129). This results the following

expression of EWCS

R8L?Vol(Q25)
@By = a® # uV'1+ a*u? du
2G(lo ¢ (21+d)

_ % [Z ((aut<d))2 T (ang (@)1 — (aug(2 -+ d))*/T+ (au (20 + )1
+ 411 (Sinh_l((aut<d))2) _ Sinh_l((aut(Ql + d))Q)) ‘ (25?))

Keeping this result in mind we will explicitly check the following inequality

Ew > -I(A:B). (2.54)

1
2
where I(A : B) is the holographic mutual information (HMI) defined as

In the above expression we have used the fact Sypp(AUB) = Sypp(2l+d)+ Syee(d), for “small”
d/l.

In [4] it is shown that, for a given subsystem length (1), there exists a critical separation distance
(d. < ) between the two subsystems A and B above which there is no connected phase. We
shall also see this feature in our study. This means that the codimension-0 bulk region Map
(entanglement wedge) will be disconnected and therefore results in vanishing Ew (pag). Up to this
critical separation length d., the mutual information I(A : B) is non-zero and the RT surface I}
is in connected phase which leads to a non-vanishing Fy,. However beyond this critical separation
length d., the mutual information I(A : B) = 0 and ['"}#% is in disconnected phase which results in
a vanishing Ey,. The value of this critical separation length d. can be computed from the vanishing

condition of the mutual information at d = d.. This can be formally written as [123, 131]

In the domain au; < 1, the result of EWCS in eq.(2.53) can be simplified as

@By = 5 (o (D) = (o (20 + )] + 5 [(au (D) ~ (o, (21 + d)'] (2.57)
QQG%O)

wrzvorasy ) Ew- In the above expression, au, (d) and au, (20 + d) represents the

where Ey = (

turning points associated with the RT surfaces '} and '}
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To investigate the bound mentioned in eq.(2.54), we must calculate the expression of I(A : B). In

order to accomplish this, we use the expressions for a?Sy g (L) for au, < 1 provided in eq.((2.27))
and é for au, < 1 given in eq.(2.20). Only finite piece of HEE will contribute to the HMI. Similarly

expressions of HEE for subsystems of length (2] + d) and d can be obtained from eq.(2.27). *

For our further analysis we will consider the following dimensionless form of holographic mutual

information
_ _ l _ d _ 20+d
a2[(A . B) = 2a2SHEE (—) — GQSHEE (—> — CLZSHEE (;) (258)
a a a
_ _ 2 ~(10)
where a®>Sgg is given in eq.(2.27), and we have used the scaling I = %) 1. We would

compute the result of EWCS and HMI in different doamins of the theory. We will start with deep-
IR domain. In the deep IR (commutative, au; << 1) limit, the expressions for Ey and I(A : B)

(in dimensionless form) reads

QQEW’deep IR — 1 (Qﬁr 2/3)) [(1 - _1)2] (2-59>

- , (T(2/3)\° 1 1
a”I(A: B)lgeep 1R = - [ 2 /a\Z /o4d 2] ‘ (200
( (1/ >> ) @) (%)

Siliarly, in the deep noncommutative limit (1 << au; << auy), the expressions for Fy, and I(A : B)

(in dimensionless form) reads

r - SERANO ()] e
or o gl (R ) -(0) (5] e

Now in the deep UV limit to get the result of EWCS we substitute eq.(2.33) in eq.(2.53). This

4The divergent pieces of the HEEs are independent of subsystem size information so they cancel out and do not

contribute.
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(2.63)

Similarly in this doamin the expression of HMI can be obtained by substituting eq.(2.34) in the
expression for mutual information eq.(2.58) °. This yields
_ 6 (L)’ +2 12 (L 6 (L) (4)?
1) () o (2 B2 120" ) 40 ) 2
a 16 (J)
3

. ( 9 )30(5)5 2(4)"+80 ()" (£) + (-) (2) +10(L)(4)4)_

16auy, (1+ ()42

(2.64)

The above result suggests that, the holographic mutual information is a divergent quantity in the
deep UV regime. However, we know that the mutual information is in general UV finite quantity.
As the divergent part of HEE in this doamin depends on the subsystem size, therefore the diverget
pieces are not cancelled. That is why the HMI is a divergent quantity in the dee-UV domain. This
observation was made earlier in [125]. On the other hand, EWCS is also a divergebt quantity in
this deep UV domain. Further, we note that, in the deep UV limit, the evaluation of a*I(A : B)
(given in eq.(2.64)) produces negative values for all possible 4. The result therefore indicates that
this phase is not physical.

We now represent our results graphically and find out how the noncommutativity effects the EWCS
and holographic mutual information.

The plots given in Fig.(2.5) shows the variation of a’Ey and % ZT(A : B) with respect to the

separation distance ¢ for both noncommutative (given in eq.(s)(2.57),(2.58)) and commutative

50nce again we consider two subsystems of equal length | < [. kept at a distance d < [, and also consider

20+ d < ..
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a?Ey, a2 (AB)2
a%Eyy, &%l (AB)/2

Noncommutative Yang-Mills theory Commutative (deep IR) Yang-Mills theory
Figure 2.5: In this figure we have represented the effect of noncommutativity on EWCS and HMI
(we have chosen two values for £, L =6 (red) and £ = 8 (blue)). In the left panel of figure we have
plotted the analytical results of EWCS and HMI with repect to the separation distance, which
are given by eqs.(2.57,2.58) (for auy; < 1) with aw, = 10. The curve in the right panel depicts the

analytical results of EWCS and HMI given in eqs.(2.139,2.132) (deep IR/ commutative limit) .

Yang-Mills theory. To get these plots for a?Ey and %l: (A : B) in the noncommuative domain,
we need the help of rsults given in eq.(s)(2.20, 2.27) which are valid for au; < 1. Onecan obtain
the results of the commuatative theory (given in eq.(s)(2.59),(2.60)) by taking the deep IR limit.
The polts suggests that, the bound a*Ey > 3a*I(A : B) holds for both the commoutative and
nocommutative domain. One can also observe that, the value of critical separation point or the
point of phase transition (from connected to disconnected phase of M4p) increases for increase in
the value of é We would also like to mention that, to get the polts for noncommuataive case we
have chosen the lower limit of the g axis in such a way so that au,(d) < 1. Furthermore, the values
of L are also chosen in order to make au; (2l + d), au,(l) < 1. The domain for which ¢ < 1.61 is
not allowed as it corresponds to au; >> 1 for which the above analysis breaks down.
Furthermore, its is to be noted that, the expressions a? Ey and a*I(A : B) (given in eq(s).(2.61),(2.62))
produces negative values for all possible values of g in the deep NC limit. Therefore this result
indicates that it cannot be a physical phase, which signals that the disconnected phase is the
physical phase and therefore both Ey, and I(A : B) are zero.

We now study the effect of UV/IR mixing on the EWCS and HMI. By UV/IR mixing we intend
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to investigate the effect of the UV cut-off on the IR result [125]. We compute the above quantities
for two different values of the UV cut-off, namely, au, = 10, 20.

0.04

0.03 -

0.02 -

a?Eyy. a2 (AB)2

0.01 b ™

0 ! N ! N il S !
1.73 2.23 2.73 3.23 3.73 4.23 4.73

d/a

Figure 2.6: In the above figure we have depicted the effect of UV /IR mixing on EWCS and HMI
. In the above plot the blue curves (both solid and dotted) correspond to au, = 20 and the red

curves (both solid and dotted) correspond to au, = 10 . We have set é =6.

From Fig.(2.6), we can see clearly the prominent effect of the UV cut-off on the EWCS and HMI.
The effect of the UV cut-off on these quantities is a signature of the UV/IR mixing [125]. In
particular, we observe that for a fixed subsystem length é, the HMI and EWCS vanishes at a
smaller value of separation g for a larger cut-off value. This shows the sensitivity of the IR results
on the UV cut-off. We make one more comment. In the IR domain, the HEE obeys an area
law (eq.(2.28)) in contrast to the UV domain (eq.(2.34)) where it obeys a volume law. This is
consistent with the fact that in the deep IR limit, the HEE reduces to the Bekenstein-Hawking
entropy of the black hole. The fact that in the UV limit, the HEE obeys a volume law implies

that it has an extensive behaviour unlike the IR behaviour.

2.1.5 Holographic entanglement entropy at finite temperature

So far we have discussed different measures of quantum correlation for zero temperature scenario.
Now we would proceed to the information theoretic aspects of NC Yang-Mills theory at a finite

temperature. To make further progress we have considered a black hole geometry in the bulk
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to include the effect of temperature. The dual gravitational theory is described by the following
metric
2

d
ds* = R?| —u’f(u)dt® + u’dy; + u’h(u)(dy; + dy;) + u2]ZL(U)

where f(u) =1 — (“—H)4 and uy is black hole horizon. Further it is related with the Hawking

u

+ R*dQ; (2.65)

temperature T of the black hole as Ty = “Z.
Now we will proceed to compute the HEE of a strip like subsystem A at the boundary by following
the same set up we have used previously given in section.(2.1.2). This leads to the following integral

for HEE(SHEE)

2R3L*Vol(2s) [° u? u'? :
Swer = ’h — | dys . 2.66
HEE 492G /—1/2 h(u) (u () + u2f(u)> o (2:66)

Again considering the integrant of the above equation as Lagrangian one can argue that, y, is a
cyclic coordinate. This gives rise to the following conserved Hamiltonian

’LL4

H=— = constant(d) = —u} . (2.67)
) u'?
<“ T u2f<u>h<u)>
du

We can find the constant using the fact that at the turning point (u), Tus vanishes. This now

N

results in the following differential equation

= () ((g) - 1) - (2.68)

Now substituting the result in eq.(2.66) and using the boundary condition 2.14 yields

_ 1 ! p* + (au)? au au
a’*Snpe = 5(“%)2/ - 5 (a) 7 4dp N = — o P= — (2.69)
s PV 1=/ —p'p aus au

We have performed the above integral analytically by incorporating the low temperature approxi-

mation. This can be done by assuming the fact that, the dimensionless parameter n < 1 is small.
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Thus in the domain au; < 1, we have the following expression for HEE

1 1 1 4 4 1 1 4
é(aut)2 [ p* + (au) dp+?7_ p* + (au) dp]

CLQSHEE ~
cu pPy/1—pF 2 Jem py/1—pf

i = 1 T+ 1 = 1 I'(n 1) 1
2

~ Siv
@ +<Z2ﬁr( +1 ){(@m » T ) (6n—2 ] Z4 7 T(n+ 1) (6n—6)

Yo > (n+3) (au)® = 1 P(n+3) (aw)?

x (aw) +Z4\/_Fn—|-1 6n—6 ZOQﬁFn—I—l)(Gn—Q)

N 1_(@%)6_(%) ['(3)log(aw) +n_ zianJr(l/?)) 1
6 24 KV B v Tn+1) 6n+2

n=0
4oo

. aut Z1rn+1/2 1 +<§:1F(n+1/2)){ 1 1]

I'(n+1) 6n—2 vo T(n+1) |2(6n+4) 6n+2 6n—2

n=
(0.9)

. Z\}_F;L—Tt+1{2))6n>(aut)6n+4] . (2.70)

The above expression suggests that, similar to the zero temperature secnario in this case case also
the HEE contains a universal divergent piece, which is independent of subsystem length. The

divergent piece in the above expression reads

o

1600

~Analytical with au,=0.2 ‘ ‘ ‘ Analytical with au;=0.2
g [ Numerical with au,=0.2 - Bk Numerical with au,=0.2 -
i 1400 |
- 1
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Variation of é with respect to au; with auyg = 0.2. Variation of the a?Sgr with respect to é at
auyg = 0.2.

Figure 2.7: In the left panel of the above figure we have represented the variation of subsystem
length (é) with respect to turning point ( aw;), and in the right panel we have shown the variation

of HEE (a?Sgg) with respect to subssytem length (£). In both the plots we have set aw, = 10.
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1

= 1 T)*
25 = Loyt B8] | (0D

4 4

log(auy) . (2.71)

The above expression of the divergent term suggests that, it contains a temperature dependent
term. In the limit 7" — 0 we can recover the divergent term corresponding to the zero temperature
scenario. We can interpert this as one of the unique feature of NCSYM theory as in general the
divergent piece does not depend on the temperature.

Now we will proceed to find a expression of the finite part of HEE at the low temperature limit.

In this limit auy < auy <1 the finite part of HEE reads

1 Jal(2/3)

_ y 1
a’Sy gl — " (aw;)* + B (3 +log4 — 6log(auy)) (aut)6]

[6 © 4 T(1/6)

o [law)  V7(aw)°T(2/3)  Vr(aw)*T(4/3)  (au)™
— [ 32 T 16 T(1/6) 8 T(5/6) 240 ] (272)

Now we would proceed to compute the result of HEE for au; > 1. The result of HEE in this

doamin reads

2Q _ 1 4
@*Supe = 5 ((aw)" - (ou, D(m+ D —m) ()™ 4(m—1)

6n+4(m—1)
— | aut
C ()

e~ o T(n+3) 1
i Z Z T(m+ D@ —m)D(n+ 1) V7 (au) =D 60+ 4(m — 1)

1 (1 - <%b>4m>

TC(m+ DI —m) (au)*™ 4m

Tn+1) 1 <l_<%>6n+4m>

G=m) T+ DA @)™ ot

(2.73)

We can recover the result of HEE for au; > 1 at T'= 0 given in eq.(2.30) by setting uy = 0 in the
above expression.

To obtain the expression of HEE in terms of the subsystem length é, we need to find the relation
between the subsystem length and turning point. To do this we note that the subsystem size in

terms of the bulk coordinate can be written as

1 4 4
L2 pyp et )t (2.74)

a  au %\/1—]96\/1—174]94
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We would evaluate the above integral in the low temperature approximation. Under this approxi-
mation the subsystem size é in the domain au; < 1 reads

[ 2 ! A+ (auy )t 4t S/t + (au)d
1 / PP (au) +77_/ VP (au)
a aug 1/1—])6 2 Jau ‘/1—]76

aup

(auy)
T F(g) =1 F (n —|— 1 = auy)0+3)
VT Z 6_ Z ( )

— (aw,)® In(auy) + (auy) (6]

12

Q

(61 1 2) Gnt+d) ~ 206n+06)
L 774{ m I'(7/3) +\/_F(5/3 Z 1 D(n+ ( 1/2))(1_(1/aub)6n+6

S T(11/6) a8 T(7/6)" T(n+1) 6n + 6
1 1 11— (1/au,)% 10 Gt
- - - 7| 2.75
6nts 206n+4) 2  6n+l0 (au;) (2.75)

The above result suggests that, it contains a temperature dependent term. Furthermore, we can
recover the relation between the subsystem length and turning point at zero temperature in the
limit 7" — 0. Following the similar procedure we now find the relation between the subsystem
length and turning point in the deep IR and deep NC limit. Once gain the deep IR domain is
indentified by au; << 1. In the domain the expression given in the above equation reduces to

(1) AT e
) geep 1r (aue) T(1/6)  (aw,)® 8 T(11/6)

(2.76)

On the other hand in the deep noncommuatitive limit ((au;) > 1, and au; < aw, [124]) the
relation between the subsystem length and turning point reduces to

l VvrT(1/3) 1 (aug)?
<_) deep NC ~ 3 T(/6) r/6) "t 3 (au;)? (2.77)

It is to be mentioned that all the above results are obtained by considered terms upto O((auy)?).

Now we would perform our analysis in the domain au; > 1. In this domain the subsystem length

au 6n-+4m-+2
BESS I(n+ 1) 1 (“(Tub) )
a T(m+ 1)T(E —m)T(n+ 1) (au,)™1 6n + 4m + 2

6n+4m+6
— [ aut
G

+ 4
Y G T DI =) @)™ Gt 456

in terms of the turning point is given by

(2.78)
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Now we compare our analytical result with that of the numerical one. In the left panel of fig.(2.7),
we have graphically represented this comparison for auy = 0.2. The analytical expression of
(ﬁ) has been obtained from eqs.(2.75,2.78) by following the technique introduced for the zero
temperature case. From this figure, it can be seen that the numerical and analytical results are
in good agreement with each other. We now proceed to compute the value of (au;). at which
the length scale (é)mm appears. This can be done by equating the results given in eq.(2.76)and
eq.(2.77) at au; = (au)., thus we obtain an equation of the form

VIR e ((aut)i _ VT I(T/3) ) —0. (2.79)

3 c 3 8 T(11/6)

I'(2/3)
c T3 T(5/6) "

I'(1/6)

2/ (au

The above equation suggests that, it very much difficult to provide an exact analytical solution for

(auy) e

To make further progress we choose auy = 0.2, the yields the value of (au;). to be (au;). ~ 0.784.
This matches perfectly with the numerical findings also. Furthermore, the value of (é)mm is found

to be (é)mm ~ 1.649. We conclude that in the finite temperature scenario, the values of (auy).

and (é)mm depend on the choice of (aug). In the limit auy < auy < 1, the expression given in

eq.(2.75) reduces to

~

Lo NG 1T

a  2(au) T(7/6) 3v/mT'(5/3)

(aUH>4 [ﬁ(aut)3 I'(/3) Vvm T(7/3) (aut)7] (2.80)
auy 8 I'(7/6) 8(auy)'(11/6) 30 | '

(4 +log4 — 6log(auy)) (aut)‘l]

Following the perturbative approach, we can express the turning point au, in terms of the subsys-
tem length ﬁ, for large é This reads
4 l 4
e Q ag log(+ arT
auy = TO+ ll5+ 0 lga) +< 4)
(z) @) ()

(amT)*
1 ly (2.81)

30 (1)p

L
a

[0} * adT(11/6) \a

a1 T(7/3) <z>3 4 ag]

= L+

where [, and [, are given by

ao | o aglog(l)
(5)° (L 7

In the above result given in eq.(2.81) a temperature dependent term has appeared due to the

ag 1 T(7/3) (1)3 4 of

~ (Y Tadrar/e) \a)  30(L

L
a

thermal excitation. It is to be noted that in the above computation we have kept terms upto
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O (T*). We now substitute the above expression for the turning point au; (eq.(2.81)) in eq.(2.72)
and obtain the following expression for the finite part of HEE (for au; << 1, large ﬁ)
_ e . AN T)! .
a’Sypel’™ (—) = a’SypE (—) |fimite 4 %A (a*SueE) - (2.82)
a a

The first term in the above expression, a?Sypg (L) |/ represents the finite piece of HEE cor-
responding to 7" = 0 case and the expression is given in eq.(2.41). Further, thes expression of
A (a2§HEE) which represents the change in HEE due to the thermal excitation, is given by fol-

lowing expression

2 _ VTT(4/3)  VmD(2/3) (3+logd) 5,  VTT(2/3), B
A (@ Supe) = 22 T(5/6) 7r(1/6)lll2 LT G Tm/ﬁ)l1 60
— él?lz log(l1) — % — % . (2.83)

The change in the HEE due to thermal excitation plays a crucial role in context of entanglement
thermodynamics[132, 133, 134, 135, 136]. In the right panel of fig.(2.7), we have graphically
represented a?Sy pp|/"" (L) as a function of (I/a) (given in eq.(2.82)). The presence of the length
scale (é)mm can be noticed from the plot in the left panel. One can also observe the effect of
temperature from the plot in the right panel.

We would like to end this discussion by providing the result of HEE at the deep IR limit, which

corresponds to the commutative Yang-Mills theory. This reads

284 finite l 28 finite ! =0 (C”TT>4 28
a“Sups| - = | a"Sues| - + TA (a SHEE)deep IR
a deep IR a deep IR
(2.84)

where (a?Sppp|fnte (L))TZO represents the temperature independent piece (given in eq.(2.25))

a//deep IR
and A (azg HEE) R probes the change in HEE (due to thermal excitation) with the following

deep 1

expression

s () () ([ 2 ()] o

However, it is to be noted that, all the above analysis is valid for a strip length [ larger than

some critical length [. which we shall see now. It has been observed in [125] that to study the

surfaces anchored on small strips, u(yz) has to be expanded in a power series of ¥, (see eq.(2.31)).
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Substituting this power series in eq.(2.68) and using u(ys = 0) = w; and the boundary condition
given in eq.(2.14), we get the profile of the RT surface to be

3 u ug\*\
= - 1= — . 2.
u(y2) = ug + 21+ (auy)? ( < Uy ) Y + (2.86)

Now substituting y, = %, we get
3 ul ug \
= -t 1= P+0((l/a)") . 2.87
ub ut+8[1+(aw)4]< (Ut)) +o (/) 287)

Now using the above result in eq.(2.66), we get the HEE as

25— ( I 308 (1—(eug)®) 90Pe[l+3(eug)?/10]

2 \& Beal [1+(/a)] 8a® [L+ (e/a)) “9((1/“)’6))

1 s 3 /(1 3(au)(1—(auH/au)4) 9 /1 5(1+1—%(auH/aub)4)
) (i

@

e 8\a (1 + (1/auy)®) a) auy, (1 + (1/auy)t)®

+ ((1/a)",€%) . (2.88)

The above result matches with the zero temperature result eq.2.34 if we set ug = 0. We observe
that temperature arises only in the finite terms of the above expression. Now to obtain the critical
length [., we equate the leading order divergent terms appearing in eq.(2.88) and eq.(2.71). This
results in [123]

- a’uy, N (1 + (anT)*

5 3 ) In(auy) . (2.89)

a’uy
Again the above expression suggests that, the critical length scale depends on the Uv cut off. This
clearly indicates the effect of UV-IR mixing property of NCSYM theory.

2.1.6 EWCS and HMI at finite temperature

In this section we proceed to compute the EWCS which is the holographic dual of EoP, in the
finite temperature scenario. Similar to the zero temperature case, we again consider two disjoint
subsystems, namely, A and B (along the direction y5) with length [ and separated by a distance

d. The induced metric on constant y, hypersurface at finite temperature reads

2
= R?|u’dy} + v*h(u)dy; + ™ + R*dQZ . (2.90)

ds; 21 ()

ind
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The above induced metric leads to the following result for EWCS

a? / ur(d) um p
— ———— du
4 Jura) flu)

2ty a1 - (2 >4+(1+<MH)4)Smh_l it~ ()

16 auy(d) 1+ (aug)?

CLQEW =

16

— (o (20 + d)* /1 + (au, (20 + d))4\/1 _ <%>

| (ew 2+ d))Q\/l - <auf(ng+d))4
(1+ (aug)*)sinh™ P } (2.91)
The above result of EWCS simplifies to the following result in the domain au;, < 1
a’By = % [(au,(d))? — (au (20 + d))*] + 3% [(au(d))® — (au (21 + d)°)]
(C“;g)él [ o (2ll+ o7 (aui d))Q] + %(auH)‘l [(au (21 + d))? — (auy(d))?] (2.92)

We can express the result of EWCS in the deep IR (commutative) limit in terms of the subsystem

size as follows
2
) - 1| a (d 2A y ag 20 +d 2A y
a EW|deep IR — g @—F a (CLWT) — (%) + a (CL7TT)

(amT)* 1 B 1 (2.93)

16 ((;“fd) +(@)A(MT)4)2 <(°§0)+(§)A(MT)4)2_

a

where A is given by
2
b ()
12¢/70 (%) \I'(3)

Now we would proceed to compute HMI in the finite termperature scenario in similar set up , we

have just described. The holographic mutual information at finite temperature reads (for au; < 1)

- - - - 2
GQI(A . B) == ZCLZSHEE (é) — CLQSHEE (g) — CLZSHEE (#) (294)

where a2Sypg(l/a) is given by eq.(2.70). Once again to compute a?I(A : B), we need to use the
analytical expressions in eq.(s)(2.70,2.75). In order to find the effect of temperature of HMI we
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can recast the above expression of HMI in the following way

(amT)*

a’I(A:B) = da®I(A: B)|p— + A (a®I(A: B)) (2.95)

where, a’I(A : B)|r—o represents the temperature independent piece (given in eq.(2.58)) and
A (a*I(A : B)) gives us the change in HMI due to thermal excitation. This temperature dependent

piece has the following expression

At ) = 28 (@es (1)) - a (@80 (1)) -8 (350 (250))] - 290

On the other hand, in the deep IR limit (commutative limit), the EWCS is obtained to be

= _ e (amT)* _
a'2EW|deep IR — GQEw|§eeg IR + 4 A (a2EW)deep IR (297)

where the temperature independent piece a®Eyw |20, 5 is given in eq.(2.59) and A (a®Ey) deep 112

represents the change in EWCS due to thermal excitation in the deep IR limit. Using eq.(2.93),
A (ang)

deep 1R 1S lVEN by

A (a2EW)deep m = Aa ((g) - (QZ;Ld)> "‘i 1 7~ 1 7| - (298)
(o) (1)

We now graphically represent our computed results in order to have a better understanding of the
above discussion.
In the right panel of Fig.(2.8), we have shown the effect of noncommutativity on EWCS and
HMI at finite temperature graphicaly. To do this plot we have taken two different values of
temperature, namely, a7’ = %+ (red) and aT = %2 (blue). We have observed that, the value of the
critical separation length (%)C decreases with the increase in the temperature. The above plots
also suggest that a?Ey, > %aQI (A : B) for all valid temperatures. Once again we choose the lower
limit of the d/a axis (for the noncommutative case in the left panel of Fig.(5.5)) to be d/a = 1.649
(for T'= 22) so that aw,(d/a) < 1.
In Fig.(2.9), we once again probe the effect of UV/IR mixing on the EWCS and HMI, at a finite
temperature. Similar to the zero temperature scenario, we observe that for a fixed subsystem

length é, the HMI and EWCS vanishes at a smaller value of separation g for a larger cut-off value.
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Figure 2.8: The effect of noncommutativity on EWCS and HMI at finite temperature with aT' = 071
(red curve) and aT = %2 (blue curve) (we have set £ = 6) is shown in the left panel of the figure.
The curve depict the analytical results. The value of au, = 10 for which eq.(2.89) gives % = 5.0023
for aT = %, and % = 5.00232 for aT = 072. The right panel depicts the corresponding results in
the commutative domain.
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Figure 2.9: The above figure describes the effect of UV/IR mixing on EWCS and HMI at finite
temperature al = 07}_1' In the above plot, the red curves (both solid and dotted) correspond to
aup = 10 while, the blue curves (both solid and dotted) correspond to au, = 20. The subsystem

size has been fixed at, é = 6.

This again shows the sensitivity of the IR results on the UV cut-off.

Now we will consider again the behaviour of the holographic mutual information (HMI) below
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the critical length [. given in eq.(2.89). Following the same procedure to obtain the holographic
mutual information below the critical length for zero temperature, we obtain the holographic

mutual information at finite temperature using eq.(2.88). In this case it reads

s = 4@ ool B0t
(

) QO T ey
2 (o) (@O o

Once can see that the mutual information at zero temperature given in eq.(2.64) is recovered by

setting ugy = 0 in the above result. In this case also, the HMI is a divergent quantity. All the

discussions made earlier in the zero temperature case also hold in this case.

2.2 Mixed state entanglement measures for the dipole de-
formed supersymmetric Yang-Mills theory

Now we would discuss similar information theoretic measures for dipole deformed super Yang-
Mills (DSYM) theory. It is to be noted that, dipole deformation induces non-locality which is
characterized by a length-scale a = A2L. We would compute different measures of quantum
correlation for DSYM theory holographically. we have first conisered a strip like subsystem of
length é and compute the holographic entanglement entropy both analytically and numerically. We
have carried out our computation different domains of the theory, namely, au; < 1, 1 < auy < auy
and au; ~ aup, where auy is the UV cut-off. The choice of these domains helps us to identify
the expansion parameter for carrying out the binomial expansion. The entanglement measures
expectedly displays a smooth behaviour with respect to the subsystem size as the geometry has
a smooth transition between the mentioned regions. Now using these results of HEE we then
proceed to compute the holographic mutual information for two disjoint subsystems A and B.
Based upon the Ep = Ey duality, the entanglement of purification (Fp) is then computed and

the effects of dipole deformation in this context have been studied. Finally, we proceed to compute
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entanglement negativity for this theory and compare the obtained result with that of the standard

SYM theory in order to get a better understanding about the effects of the non-locality.

2.2.1 Dipole deformed supersymmetric Yang-Mills theory and its grav-
ity dual

In this section we would discuss the dipole deformed N = 4 super Yang-Mills theory and its
gravity dual of it in the strong coupling limit. One can introduce the dipole deformation by
introducing an external dipole deformation which breaks the Lorentz symmetry. Deu to the dipole
deformation one need to modify the action of N' = 4 SYM theory by incorporating a new term
which is proportional to product of the dipole moment and gauge field. It is to be noted that,
the new theory is still a supersymmetric theory, which in turn emans that it has symmetry that
relates bosonic and fermionic degrees of freedom. Due to the defromation there is new length
scales appears in the theroy which depends on the size of the dipole [137, 138].

Emergence of this length scale affects the behaviour of the theory at both low and high energies.
For instance, at low energies, the dipole deformation leads to the appearance of a non-trivial
ground state, which breaks the supersymmetry of the theory [139, 140, 141, 142]. This ground
state is characterized by a set of vortices that are responsible for the formation of a condensate
of the gauge field. At high energies, the dipole deformation affects the scattering amplitudes of
the gauge bosons [140, 143], leading to the emergence of new kinematical regions that are not
present in the original theory. For instance, in the behaviour of the scattering amplitudes in the
presence of a background magnetic field, where the dipole deformation leads to a modification of
the Landau levels of the charged particles. Some related work in the context of dipole deformed
field theory can be found [144, 145, 146].

In the dipole deformed SYM theory the ordinary algebric product of two fields is deformed in the
following way [147, 141, 148]

(f*g)(Z) = | (f— %) g <f+ %) (2.100)

where L’ ¢ and [:;] are dipole vectors associated to the fields f and g respectively. In order to make

this new product associative, one needs to assign dipole vector L} + Zig to (f*g)(Z). Here, we
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will consider L = L& corresponding to some fixed length scale L, this implies that our theory
is non-local only in the z-direction. There is also another kind of deformation possible for the
SYM theory which is known as the noncommutatitve deformation [120, 119, 149]. Unlike the
noncommutative SYM theory, the dipole deformed SYM theory does not exhibit any UV/IR
mixing property [125, 114].

In the gauge/gravity duality set up, the gravitational dual of dipole-deformed SYM theory is a type
IIB string theory in AdSs which contains a non-trivial dilaton and axion fields [140, 150, 151]. As
mentioned earlier, the dipole deformation deals with the fact that one has to introduce an external
dipole moment which in turn breaks the Lorentz symmetry of the theory. In the gravity dual,
this deformation is realized with the presence of a non-trivial dilaton field along with a non-trivial
axion field. The dilaton field is related to the coupling constant of the SYM theory, while the axion
field is related to the dipole moment [152]. The gravity dual of dipole-deformed SYM theory has
been extensively studied in the literature, and several important results have been obtained. For
example, it has been shown that the dual theory exhibits a nontrivial scaling behavior, which is
related to the presence of the dipole moment. The holographic dual also predicts the existence of
a new phase in the SYM theory, which is characterized by the breaking of the conformal symmetry
and the presence of a dipole moment. This phase is known as the dipole phase. One of the
important applications of the gravity dual of dipole-deformed SYM theory is the study of quark-
antiquark potential. The holographic calculation of the potential shows that it has a Coulomb-like
behavior at short distances, while at large distances it exhibits a linear confinement [153, 154].
The metric associated to the gravity dual of dipole deformed SYM theory (in string frame) reads
[125, 155]

2
ds*> = R*|u®(—dt® + f(u)de® + dy® + d2°) + d% + metric on the deformed S°
u

1 1= f(u) R?

e = gl f(u); flu) = T2 Byy=——+——+=——au’f(u) (2.101)

where @ = A2 with L = % is the scale of non locality in the strong coupling limit and ¢ is the
non-zero dilaton profile. The Sy part of the metric in the gravity dual is deformed by expressing

S5 as S fibration over CP? [155]. ¢ is the global angular 1-form of the Hopf fibration.
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2.2.2 Computation of holographic entanglement entropy

We would start our analyasis by computing the HEE of a strip like subsystem A by using the RT
prescription [74, 75]. We can specify the subsystem by its volume Vi, = LI, with —% <z < %,
and y, z € [0, L] with L — oco. We further assume that, the width of the subsystem along y and z
direction is fixed and we can vary the length only in the x direction. Now we would consider the
parametrisation u = u(z) to compute the surface area of the co-dimension two RT surface T},

However, we would like to mention that the gravity dual of this theory given in eq(2.101) is in the
string frame. But all the computations shold be done in the Einstein frame. To transform the

metric from string frame to the Einstein frame one can use the following transform
gt = e igS, (2.102)
Using the above transformation we can obtain

\/% = e*%\/ﬁ : (2.103)

Taking into account the results discussed above, we now move forward to calculate the HEE. This

is expressed as follows [125]

g B Area(Fim)
HEE = 1Gn
OL2a3 RS [0 2 3 d
= +/ dz u? <1 + u—4) pu = o (2.104)
1042 | Fluu o

It is evident that the integrand in the above expression does not depend on the x coordinate. As
a result, x acts as a cyclic coordinate in this setup. This leads to the emergence of the following
conserved quantity

ud

H=————— = constant = c . (2.105)
2 2
(1 + _f(ljt)u4)
We can determine the constant ¢, by using the fact, v’ = Z—’; vanishes at the turning point u = wu,.

This results the following

e Jutsw) [(u—) - 1] . (2,100



Substituting the above expression into equation (2.104), we derive the result for the HEE in

dimensionless form. Thus HEE can be expressed in terms of the bulk coordinate as follows

2L RS L dp (p? + (au?))? au
(IQSHEE = T)Q(aut)2 /;u —f% , P = a_ut . (2107)
To regularise the area functional we have used the following boundary condition
j:l ! (2.108)
ulr==d2=-)=u=—. )
2 b e

Combining the above boundary condition with the expression provided in equation (2.106), we
obtain the subsystem length (in dimensionless form) expressed in terms of the bulk coordinate as

follows

_ l 1 dp p2 p2 + (aUt>2

l
a au _ b
a AUy ﬁ val P

We now move forward to calculate the subsystem size in terms of the turning point. To do this

(2.109)

analytically we would consider three different domains of the theory, which are characterised by
auy < 1, 1 < auy < au, and auy ~ au,. These choices enable us to determine the appropriate
expansion parameter needed to carry out the relevant binomial expansions. We have also verified
that the result obtained for au; < 1 matches smoothly with that obtained for 1 < au; < auy at
au; = 1.

Similar to the NCSYM case we first compute the subsystem length in terms of the turing point in

the doamin au; < 1. In this doamin eq.(2.109) can be recast to the following form

[ 2 [/ pm / '’ p+(““t)], (2.110)

a  au

The above expression suggests that, in the first integral 0 < p < au;, which implies that one can
assume ﬁ < 1 and perform an expansion to keep terms upto O ( )2. On the other hand in
the second integral we have (au;) < p < 1 and once again we can do an expansion by assuming
% < 1 and keep terms upto O (%)2. Keeping this approximation in mind we can rewrite the
subsystem length in terms of the turning point as

TR T AT S SR S T P
¢ = Tagt() T2 0™ " STy [Gn T )

DANG
— 1 D(n+3) [201= (1/aw)™ ) (1= (1/au,)™*) 6n+3
> JaT(nt1 { 6n+3) | (6n+d) } (a7 (2.111)




The turning point can also be expressed in terms of the subsystem length by inverting the above

expression. This yields (au; < 1)

7 T(5/3)
a, Vrl'(5/3) 14 LA/ T(T/6) [ 75 rjs)
2 I'(7/6) (é) r'k/6)I(5/3) (é)
7 T(5/3)\ °
XA (Erem) (2,2 1 1
V7l (5/3) (1) 15 3(aup)®  5(auy)®
AN A2 Az
= (i)+(i)3+(i)4' (2.112)
where in the above result \;, Ay and A3 are given as
W= YALGR)
I'(7/6)
- ﬁr(4/3) VAL (5/3)\*
> 7 2T(/6)\ 2 T (7/6)
vl G/3)\ /2 2 1 1
A3 = — | — — 4+ = . 2.113
’ ( 2 T(7/6)) \15 " 3(aw)®  5laup)’ (2.113)
In the domain 1 < au; < auy, the subsystem length in terms of the turning point can be written
down as
[ r (n + l) ponH2m+2
- =2 d 2
a /fo; pgz + )T (m+1)T (3 —m) (au)?
e I'(n+1) 1 1

6n+2m+3

auy n+2m+
1—( —
auy

(2.114)

I'(n+1)T(m+1)T (2 —m) (au)? (6n + 2m + 3)

n=0 m=0

To obtain the above result, we have used the following identities

() - R ) ()<

1 B ZLF(TL—F%
1—p5 “Zyal(n+1

We have found that the results given in eq.(2.111) and eq.(2.114) smoothly matches at au; = 1.
Similar kind of approach for the analytical computations can also be found in [156, 157, 158, 159,

114]. Before proceeding further, it is to be mentioned that we can obtain the relation between the
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subsystem size in terms of the turning point for the standard N/ = 4 supersymmetric Yang-Mills

(SYM) theory by setting a = 0 in the eq.(2.111). This reads [74, 75, 76]

au 6n—+4
1— (—t) ] : (2.115)
auy

For the completeness of the analysis we have aslo find the expression of the subsystem size in

1 2 KT(n+3) 1
(a)SYM - Jr(auy) % ['(n+1) (6n+4)

terms of the turning point for the domain au; ~ aup. In this domain, we can approximate f(u)
as, f(u) ~ (au)™? and by using this approximation we recast the differential equation given in

eq.(2.106) as

4
) d
ar— @ () d (2.116)
"yi- @y
Upon solving the above differential equation, one can obtain the following result [125]
=t (2.117)

1
[cos ()]
By using the fact x = % along with the boundary condition given in eq.(2.108), the above expression

leads us to the following relation [125]
AR
Up = Up <COS(%)) : (2.118)

In Fig.(2.10), we have depicted the variation of the subsystem size with respect to the turning
point. We have plotted both the numerical and analytically obtained results. We have chosen two
different values of for the cut-off. Fig.(3.134) shows that for each subsystem size there exits an
unique value of the turning point and the extremal surface exists for any subsystem length.

Our next task is to compute the HEE of a strip like subsystem. For this computation we again
consider three different domains of the theoey as we have discueed above. Therefore, first we
consider the doamin au; < 1. In this doamin the expression given in eq.(2.107) can be reformulated

_ 2~(10)
in the following way (here Sygg = %SHEE)

(au)” " (1 ' (%>2>2 +/1 dp <1 i <%>2)2 - (2.119)

a’Sypp = —5 (auy) dp N
Ut -
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Figure 2.10: The figures above depict how the subsystem size changes as a function of the turning
point. Analytical results, derived from Eqgs. (2.111) and (2.114), are shown as solid curves, whereas

the dotted curves illustrate the outcomes of numerical computations.

Now we would follow the approximation that we have already used to obtain eq.(2.111). Following

these approximations lead us to the following result of HEE (for au;, < 1)

=1 T(n+3) 1 (au)* &
Z\Fr nt ) (n—2) 1 Zﬁ (n+1) (6n—4)

N l) (1= (aw)™) (1= (1/aup)™)
g ){ (6n—3b) " 2(6n—i) -~ 2(6n—4) (6 -2

2¢Q ~
a°SHEE ~ a de

l\D|+—~

From the above equation it can be observed that, the HEE contains a divergent term which is
independent of turning point and hence the subsystem length. Therefore the divergent piece of

HEE reads

| 1
@*Saiv = gaw)’ + 7 (aw) . (2.121)

It is to be noted that, we can recover the result of HEE corresponding to SYM theory can be
obtained by taking the limit a — uib This reads [74, 75, 76]

finite N +3) 1 ﬁ%(auy , (2.122)

.
a” SHEE |syn =

+1)(6n—2) 4 I(1/6)
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For future purposes, we will use the following simplified expression for the HEE, under the condition

au; <1

_ _ 5 14 I'(1/3
G2SHEE ~ GQde - —+ —(aut)G - EM(GWYL

48 " 1000 16 [(—1/6)

_J/AT/3)
4 T(1/6)

(au)? . (2.123)

To obtain the above result, we have performed follwing sums appearing in eq.(2.120) exactly

1 T(n+3) 1 _ J/mD(2/3)

z%ﬁ T(n+1)(6n—2) 2 T(1/6)

1 T(n+d) 1 T T(1)3)

;ﬁ T(n+1) (6n—4) 4 [(=1/6)
and approximated the last sum in eq.(2.120) as follows (by neglecting the terms O <a+%>6)
1 & 1 D(n+d) [(1= (Yaw)™) (1= (aw)™) 1 1 T
224\ /aT(n+ 1) [ (6n—3) 26n—1)  2(6n—4) (6n—2)} (au)™ ~ J5pp (@)

We can now express this result in terms of the subsystem size (1) by using eq.(2.112). This yields

a

6 4
a*Sppe ~ @*Sgy — — + ( L + & + 3 ) — ﬁ (1/3) ( ! + 2 + 34)

i\ ) e (e
AT E Y
eri (G )
R D 5014 (N a )
— é(aub) +Z(aub)—E+1OOO <£)+(£)3+(£)4
VAT (M. % . x ) VATRA (M A A
16 F<—1/6><<é>+<g>”<g>4> i F<1/6><<£>+<5>3+<£>4> A

Now we would look into the result of HEE in the domain 1 < au; < au,. In this doamin the

expression of HEE is given by

- Ly o 1 (o) o~ ~I'(n+3i)t— (Z_Zf))(ﬁn_g
a“Sugg  ~ 6(aub—aut)+—(aub—aut)—|- > ;ﬁf‘( ) 613
(au) = 1 T (n+1)1- (-)61 1 & I'(3/2) 1— (auy/aw,)?™=3
’ 4 nz:;_ﬂr(”+1) (6n—1) +§ﬂ;r(m+1)F(%—m)(aut)2m—3 (2m —3)
ey | I'(3/2) r (n + %) 1 au, 6n+2m—3
- 5;%7F(m—|—1)1“(§—m)F(n+1)(aut)2m—3(6n+2m—3) [1_<a_ub> ]

(2.125)
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Figure 2.11: The above figures show the variation of holographic entanglement entropy with respect
to the sub system size if the dimensionless form. The dotted curves represent the analytical result
which is obtained by using eq(s).(2.120, 2.125, 2.111, 2.114). On the other hand the solid curve

represents the numerical results. We have plotted for different values of the UV cut-off.

Finally, we compute the HEE for the domain au; ~ au,. As it is already mentioned that in this

-2

domain we can approximate f(u) as f(u) ~ (au)~* and then by using this approximation along

with eq.(s)(2.117),(2.104), the HEE is found to be [125]

2 8 3L2

4Gz 13 \2a

QRSTIL? 4 |a (31 1 (3 3+
= —u —_— S — R

4602 " 13\ 20 31\ 2a

RST3L2 |

Q

— (2.126)
4G g2

3l
2a

in the second line we have expanded sin ( ) in power series since in the domain au; ~ auy, é is
very small. In Fig.(2.11), we have represent our results graphically. In this figure we have plotted
both the analytical and numerical results. It is to be mentioned that the analytically computed
result is well agreed with that of obtained numerically.

We would end this discussion by some useful comments. As we have already discussed earlier
that, due to the presence of non-locality in a particular direction (in our case it is the z-direction)
in the bulk metric, there are two different length scales involved in the theory. Due to this non

locality, there exists a minimum length scale % below which HEE is proportional to the subsystem
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size (1) and above this minimum length scale, the HEE is given by eq.(2.120) (for au; < 1), and
eq.(2.125) (for 1 < au; < aw,) obeying the usual area like law. One can find this critical length
scale by equating the leading order term of eq.(2.126) to the divergent piece of the HEE (given in
eq.(2.121)). This in turn leads us to the following

le
_z 2.127
" (2.127)

The above result suggests that the critical length scale (in the dimensionless form) above which
HEE follows the area law is independent of the UV cut-off. Furthermore, this result also indicates
the fact that the dipole deformed SYM theory does not exhibit the UV/IR mixing property. In
our earlier work [114] we have shown that for the noncommutative deformation of the SYM theory,
this minimum length scale (in the dimension less form) depends on the UV cut-off and NCYM
theory shows the UV/IR mixing phenomena.

2.2.3 Holographic mutual information and minimal cross section of

the entanglement wedge

Now we have studied the holographic mutual information (HMI) and entanglement wedge cross
section (EWCS) for two disjoint strip-like subsystems A and B of equal length [. we have further-
more assumed that, they are separated by a length scale d. So we can define the HMI in this set

up as folllows

Futhermore, we have assumed that, the distance of separation between the subsystems is smaller

than the length of the subsystems (that is, ¢ < 1). Under this assumption eq.(2.128) reduces to

where in the above expression we have used the fact that Sypg(A U B) = Suge(2l + d) + Suee(d)

for % < 1. Another important point to note is that since all the results have been expressed in

dimensionless form, the computation of the HMI requires considering the following form [114]

a2f(A . B) == QCLZSHEE (l> - GQSHEE (g) - CL2SHEE (%fjd) (2130)

a
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where I = I. Now we would proceed to compute the HMI in different domains of the theory
by considering au; < 1, 1 < auy < auy and au; ~ auy.

We would first discuss about the computation of HMI in the domain au; < 1. To compute the
HMI in this domain we have used the result of HEE given in eq.(2.124)° in the expression of form
of HMI given in eq.(2.130). We have also graphically represented our result in Fig.(2.13). Then
we would proceed to the computation of HEE in the domain 1 < au; < au,. Now to perform the
computation of HMI in the mentioned range of the turning point we have to use the expression of
HEE (given in eq.(2.125)) along with the relation between the subsystem length and the turning
oint (given by eq(2.114)) in the expression of HMI given in eq.(2.130). We have also graphically
represented our result of HMI in this domain in Fig(2.12).

Now we would like to mention few important comments regarding the computation of HMI in the
domain 1 < auy; < auy. Firstly, it is to be noted that, in the expression of HMI in eq.(2.130),
there are three three RT surfaces corresponding to the length é, g and @. This implies there
are three turning points all of which lies au, > au;, > 1. With all these facts in mimd, we have
choosen the subsystem length to be 0.5 which corresponds to the turning point awu, ( ) = 9.02.
This value of turning point can be obtained from the relation between the subsystem length and
turning point given in eq.(2.114). Further, this relation also depicts the fact that the maximum
value of 2l+d can be 1.41 which is associated to the turning point au; (2l+d) = 1. This implies that
the allowed range for the separation length ¢ ¢ is [0,0.42], which corresponds to the turning point
range [9.32,10], where au,; = 9.32 corresponds to g = 0.42, and au; = 10 corresponds to g = 10.
The plot shows that the HMI in this domain decreases with the increase in the separation distance

and it vanishes for a particular value of the separation distance, namely, g = 0.24.

Finally we compute HMI for the scenario au; ~ au,. The result of HMI in this doamin can be
obtained by substituing the result of HEE (given in eq.(2.126)) in the expression of HMI (given
by eq.(2.129)). Therefore the expression of HMI in the domain au; ~ au, reads

8 3 2
I(A:B) = RfOLuga [2sm <3l> — sin (3—d) — sin (Mﬂ . (2.131)
4GN g2 3 2a 2a 2a

The HMI in this domain is a divergent quantity because in this case the divergent part of HEE

5The detailed expressions of the individual terms appearing in eq.(2.130) are given in Appendix A.
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Figure 2.12: The above figure shows the variation of HMI with resepct to separation distance

between the two subsystems in the doamin 1 < au; < au,. We have set the subsystem size

L=05.

depends on the subsystem size explicitly.
One can obtain the result of HMI for the standard SYM theory by using eq(s).(2.115, 2.122) in
eq.(2.130). This results in

. e (TAY [ 2 1 1
I Bl = = (17 ) [(5)”(5)“(%”)2 -

We now proceed to compute the holographic counterpart of entanglement of purification (EoP),

known as the minimal cross section of the entanglement wedge (EWCS). This can be done by
using the Ep = Ey duality [4, 78, 79, 80] already discussed in section.(1.4.3) . Some recent works
in this direction can be found in [160, 161, 162, 163, 164, 165, 113, 166, 167, 168, 169].

Similar to the setup used for the computation of the Holographic Mutual Information (HMI), here
we also consider two strip-like subsystems on the boundary OM (where OM is the boundary of
the canonical time-slice M considered in the gravity dual). We denote these subsystems as A and
B, both of which have the same length [. Furthermore, we assume that A and B are separated
by a distance d, with the condition A N B = 0. This means that to compute EWCS by following
prespcription given in section.(1.4.3), we have to calculate the vertical constant x hypersurface

with minimal area which splits M,p into two domains corresponding to A and B. The time
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induced metric on this constant x hypersurface reads

d 2
ds* = R? {u2 (dy® + d2*) + U—UQ} + metric on the deformed S°* (2.133)

Now we can obtain the minimum cross sectional area of entanglement wedge by using the above
induced metric along with the formula given in eq.(1.129). This results the following expression of

EWCS

d

LQ 8,3 aut(g)
Ew = ﬂ/ uy/1+ (au)?du

4G 92 Jous(250)

2\ 3 2\ 3
L?R873 1 d ’ 2l +d ’
4GN gs a a a

2l+d) min
a

(2)

and Fr(nzi?+d) respectively. Keeping this result of EWCS (given in eq.(2.134)) in mind, we now

where auy, (d) and auy, ( indicates the turning points corresponding to the RT surfaces I'

a

a

compute EWCS for different domains of the theory.

We first consider the domain au; < 1. In this domain we can recast the eq.(2.134) as (Ey =

2 ~(10)
B Ew)
2 2 4 4
,- 1 ( (d)) ( <2l+d>> 1 ( (d)) ( (2l+d))
a“ By = - aus | — — | auy + — aus | — — | auy
8 a a 32 a a

(2.135)

We now express the above result in terms of the subsystem length. This can be done by using the
relation between subsystem length and turning point in the domain au; < 1 given in eq.(2.112).

This yields
11/ n A A\ A A v\
2 7 _ 1 1 2 3 B 1 2 3
SR <<%>+<§>3+<g>4> <<%+<%”<%4>

1 )\1 /\2 )\3 ! )\1 >\2 )‘3 )
+ %5 o T )3 + and | sirdy T 2+d\3 + 2Utd\4 . (2.136)
32 <(5) (a) (z) ) <(T) (T) (T) )

Now we would like to mention few comments. In [4], it was demonstrated that the HMI (given in

eq.(2.130)) vanishes at a specific value of the separation length, known as the critical separation

distance d., which depends on the fixed sizes of the subsystem length. At this critical separation
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length, the EWCS exhibits a discontinuity, indicating a phase transition from the connected phase
to the disconnected phase of the entanglement wedge. For separations d < d.., the connected phase
is physically relevant, while for d > d., the disconnected phase becomes the physically relevant
configuration. Some recent works in this direction can be found in [38, 114, 160, 170, 171, 37, 172,
173, 136, 174, 175, 176, 177, 178]. We have depicted this fact in Fig.(2.13). We would also like to

0.005

a%Ey
a®I(AB)2 ~" -

004 [ =
0.00 28,

a2 lAB)2 "~ -

0.003 -

a’Eypa® | (AB)2

0.002 -

0.001 -

15
(d/a)

Figure 2.13: The above figure depicts the variation of EWCS and HMI with the separation between
two subsystems in the doamin au; < 1. To do these plots we have considered two different values
of the subsystem size. The red curves are for the susbsystem length ,é = 10 and the blue curves

denote the results for g = 20.

mention that EWCS and HMI both obey the following inequality

Fw > %I(A . B) . (2.137)

We have also verified the above inequality in Fig.(2.13). We can recover the result of EWCS for
supersymmetric Yang-Mills theory by setting a = 0 in the eq.(2.135). This yields

a®Ew|sym = é <aut (g) )2 - (aut (%f:rd) )2 . (2.138)

To obtain the result of EWCS for SYM theory in terms of the subsystem size we have to use
eq.(2.115) in eq.(2.138). This reads

ool =

C12EW|SYM =

r2/3)\*| 1 1
(Qﬁru/(a)) [(d)2_ (Mf] : (2.139)



Now we would move on to compute EWCS for 1 < au; < auy. In this case, the EWCS has the

a’Ey ~ 1—12 (aut (g) )3 — (aut <2l : d) )3 . (2.140)

To obtain the above result we have used the fact that,aw, (2l+d) > 1 and au (d) > 1in eq.(2.134).

a a

following form

So we have obtained the desired result of EWCS for this domain by following the same approach as
we have shown for the computation of HMI. We have graphically represented the result in Fig(2.14).

We have chosen the subsystem size é = (0.5 and observe that the connected to disconnected phase

105
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0.2 0.21 0.22 0.23 0.24 0.25

Figure 2.14: Variation of EWCS with the separation between two subsystems in the domain
1 < auy < auy is shown in the above figure. To make this plot we have fixed (é) =0.5

transition for EWCS happens at g = 0.24. Furthermore, EWCS and HMI obey the universal bound
given in eq.(2.137). This can be verified by comparing the plots given in Figures(2.12),(2.14).

Finally, we compute EWCS for the case where au; ~ au,. In this scenario, the EWCS can be

derived using the results provided in eq(s).(2.140, 2.118). This yields the following expression:

a’Ey = (aw)” {cos <3d) — cos (M)} : (2.141)

12 2a 2a
The above result indicates that for au; ~ au,, EWCS is not a finite quantity, as it diverges (this
divergence has been regularized using the UV cut-off). In eq.(2.131), we have already shown that

the holographic mutual information is also a divergent quantity in this regime. Consequently, in

this domain, both the HMI and EWCS are physically relevant.
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Next, we will compare the results for the holographic mutual information and the entanglement
wedge cross section in the context of dipole-deformed supersymmetric Yang-Mills theory with those

of the standard supersymmetric Yang-Mills theory.

0.02

a® Ey for SYM ——

a2 I(AB)/2 for SYM -~~~
a® Ey, for DSYM ——
a®1(A:B)/2 for DSYM -~~~

Figure 2.15: In this plot, we have compared the results of EWCS and HMI between dipole deformed
supersymmetric Yang-Mills theory and standard supersymmetric Yang-Mills theory. We have done
these plots by choosing the subsystem size, ﬁ = 10. The red curve denotes the results for the

standard SYM theory. On the other hand , the blue curve represents the results for DSYM theory.

In Fig(2.15), we present a comparison of the results for the entanglement wedge cross section
and holographic mutual information between the two theories mentioned above. The blue curves
(where the dotted curve represents HMI and the solid curve represents EWCS) correspond to the
results for dipole-deformed supersymmetric Yang-Mills theory in the regime au;, < 1, while the
red curves represent the results for the standard supersymmetric Yang-Mills theory. The figure
clearly demonstrates that for DSYM theory, both the EWCS and HMI vanish earlier compared to
the SYM theory.

Finally, to complete the analysis, we compare the results of the entanglement wedge cross section
and holographic mutual information for dipole-deformed supersymmetric Yang-Mills theory with
those of noncommutative supersymmetric Yang-Mills theory, as obtained earlier in [114]. In [114], it
was found that both the EWCS and HMI are physically meaningful only in the domain 7, < 1, while
for other scenarios, they are not physically relevant. However, for dipole-deformed supersymmetric

Yang-Mills theory, we observe that both the EWCS and HMI remain physically meaningful not
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only for au; < 1 but also for 1 < aw; < au,. Additionally, these quantities exhibit a smooth

transition, as they match precisely at au; = 1.

2.2.4 Holograhic computation of the entanglement negativity

We now move on to compute another measure of quantum correlation known as the entangle-
ment negativity (or logarithmic negativity) (Ey), which quantifies entanglement for mixed states.
Earlier, we briefly discussed the concept of entanglement negativity and its significance in the con-
text of quantum information theory. The holographic description of computing the entanglement
negativity is given in section(1.4.4). We have two different proposals to holographically compute
entanglement negativity. One of the proposal states that, Ey is related to the area of an extremal
cosmic brane that ends at the boundary of the entanglement wedge [81, 82]. Another proposal
suggests that the entanglement negativity is given by an appropriate combinations holographic
entanglement entropy [84, 85, 86, 87, 88, 89]. Both of these proposals reproduce the exact known
result of entanglement negativity in CF'T.

In this work, we follow the second proposal to compute Ey. Some recent works in this directions
can be found in [90, 91, 92, 93, 94, 95, 96, 97, 98, 179, 180]. To compute the entanglement negativity
holographically we have considered two different scetups. First we have considered two strip-like
adjacent subsystems A and B of lengths [; and [5. In the case of such adjacent subsystems the

entanglement negativity (Ey) is defined as [84, 85, 86, 87, 88, 89

_ 3 _ l - [ - li +1
a’E i = {aQSEE (—1) + CLQSEE (—1> - (Z2SEE < 1+ 2>:| (2.142)
74 a a a
_ 2 ~(10) _
where Ey,, = %ENW and S(l;) is the HEE of a subsystem of length ;. To compute the

entanglement negativity for adjacent subsystems for the doain au; < 1, we have used eq.(2.124).
On the other hand for 1 < aw; < auy, the entanglement negativity can be computed by using
eq(s).(2.125, 2.114). It is to be noted that, the entanglement negativity for adjacent set up, is
a divergent quantity for both the domain au; < 1 and 1 < au; < aup . On the other hand,

entanglement negativity for two adjacent subsystems for au; ~ auy, reads
— 3 (CLU)3 . 3[1 . 3[2 . 3([1 + lg)
(IZENadj = Z_l: 3 [Sln (% -+ sin % — S T . (2143)
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The above expression suggests that entanglement negativity is divergent also for the consideration
au; ~ auy.

Next we have considered two disjoint subsystems to compute Ey holographically. Now we would
consider two disjoint subsystems A and B with length [; and [y respectively along with the fact

that they are separated by a distance d. In this setup, entanglement negativity reads [99, 100]

_ 3a% - _ _ _ _
GQENdiS = v [SHEE(h +x) 4+ Suge(ls + ) — Supe(li + o + ) — SHEE@)] . (2.144)
Now we would consider a special case where we take two disjoint subsystems of equal length
Iy =1y =1, we get the following result

_ 3 - l+d - 204+ d = d
QQENdiS = Z |:2CLZSHEE (%) — CLQSHEE (T+) — CLQSHEE (a):| . (2145)

To compute the entanglement negativity for the domain au; < 1, we could use of the eq(s).(2.124,2.145)
" Similarly, for 1 < au; < au,, one can obtain the result of entanglement negativity for two disjoint
subsystems by using eq(s).(2.114, 2.125) along with the definition given in eq.(2.145). The defi-
nition of entanglement negativity (given in eq.(2.145)) suggests that for two disjoint subsystems,
the entanglement negativity is a divergence free quantity.

The result of entanglement negativity of two disjoint subsystems of equal length for the standard
supersymmetric Yang-Mills (SYM) theory can be obtained by using eq(s).(2.115, 2.122) along
eq.(2.145). This results

sy 3VTL(2/3) (VAD(5/3)\* | 1 1
— 8 F(1/6) ( 2F<7/6) ) [(5)2 (glaj)Q (ﬂ)g . (2.146)

a

CZQEN

dis

We have graphically shown the variation of entanglement negativity with respect to the separation
distance. In Fig.(2.16) where the plot is given for the domain au; < 1. The red curve represents
the entanglement negativity for the dipole deformed supersymmetric Yang-Mills (DSYM) theory
for au; < 1 and the blue curve depicts the entanglement negativity for the usual supersymmetric
Yang-Mills theory.

To compute the entanglement negativity for the scenario 1 < au; < aup, we have followed the
same procedure as we have discussed earlier to plot HMI and EWCS in the domain 1 < au; < auy,.

Furthermore, it can be observed that EN measures the quantum correlation between two disjoint

"The detailed expression of the individual terms are in given in Appendix B.
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Figure 2.16: The figure shows the variation of Ex with respect to the separation distance. The

blue curve represents the Ey for standard SYM theory and the red curve represents the result of

DSYM theory. We have chosen the subsystem size é = 20 for both the plots.

subsystems even though they are not in the connected phase ® . We have graphically represented
the result of EN for two disjoint subsystem of equal length in the domain 1 < au; < au, in
Fig.(2.17).

On the other hand, in this set up, the result of entanglement negativity for au; ~ awu, can be

obtained by substituting eq.(2.126) in eq.(2.145). This reads
~ 3(au)® [, . (3(+4d) . (3(2l+d) . (3d
h=le = 773 lZ sin (T sin ( ———— sin { o~ . (2.147)

2.3 Conclusion

o =
a ENdis

Now we summarize our findings to draw conckusion. In this chapter we have discussed different
measures of quantum correlation for deformed N = 4 super Yang-Mills theory. In particular we
have considered noncommutative deformation and dipole deformation to the A" =4 SYM theory.
In section(2.1) we have computed different measures of quantum correlation for noncommutative
super Yang-Mills theory. We have first briefly discuss about the NCSYM theory and its gravity

dual at zero temperature. We have also seen from that the noncommutative plane get collapsed in

8This is because the HMI and EWCS at some value of the separation distance, but entanglement negativity

never vanishes for any value of the separation distance.
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Figure 2.17: Variation of entanglement negativity of dipole deformed supersymmetric Yang-Mills

theory for the consideration 1 < au; < auy is depicted in the above figure. To do this plot we have

choosen the subsystem size to be é = 0.5.

the UV limit. So it is necessery to introduce a UV cut off to regulate the theory. This UV cutoff
leads to a critical length scale. One should carried out the computation of informatrion theoretic
measures very carefully. First we would compute the subsystem length é (in dimensionless form)
in terms of the turning point (aw;) in different domains of the theory analytically. Then we have
compared our analytical and numerical results graphically. We have shown that the analytically
obtained result matched prefectly with that of the numerically computed result. We have found
there exists a critical length scale % This points out the fact that, there are two distinct length
scale involved in the theory, namely, one is for [ > [. and other one is for [ < [.. The domain
[l <l.and au; > 1, auy ~ auy is identified as the deep UV domain of the theory. On the other
hand the domain [ > [. has two different solutions depending on the value of the turning point.
For [ > I. and au; < 1 is identified as the deep IR domain and the domain with [ > [. and
1 << au; < auy corresponds to the deep noncommutative doamin. Then we have moved on
the computation of entanglement entropy of a strip like subsystem A holographically in different
domains of the theory analytically. We then graphically compared these nuemrical and analytical
results. We have also found that HEE obey an area like law for the domain [ > [.. In this domain
the divergent part of the HEE is independent of the turning point and hence this divergent part is
indpendent of the subsystem length. On the other hand in the domain [ < [., HEE obey a volume
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like law. In this domain we have observed that the divergent part of HEE explicitely depends
on the subsystem length. Furthermore, we have also found the expression of the critical length
scale % (in dimension less form) by equating the leading order divergent piece of HEE in these two
different length scale. We have seen that this critical length scale depends on the UV cutoff, au.
this clearly indicates the UV-IR mixing property of NCSYM theory. Kepping this result of HEE in
mind we have proceed to compute the holographic mutual information for two disjoint subsystems
of equal length. Then we have computed EoP in this set up by following the Ep = Ey, duality
in different domains of the theory. We would like to mention that, EWCS and HMI has physical
relevance only in the doamin au; < 1. In other doamins of theory these quantities are not physical.
Then we have represented the result of EWCS and HMI graphically. We have made these plots
for fixed subsystem size. We have found that, the HMI between two subsystems vanishes for a
particular value of the separation distance <%) This impiles there is phase transition from the
connected phase to the disconnected phase. We have also made a graphical comparison of these
result for NCSYM and SYM theory. With these results of HMI and EWCS we have also shown
the effect of UV-IR mixing on these quantities graphically. Then we moved on to the computation
of all these quantities in the finite temperature scenarion. One could incorporate the notion of
temperature in the bulk metric by including a black hole geometry. To obtain the analytical results
we have considered the low temperature approximation. This low temperature approximation can
be realised by considering auy << au; < 1. In this case also we have found that there is critical
length scale [. which depends on both the UV cut off and the temeperature. We have also made a
similar computation as we have done for zero temperature scenario. We have obtained the relation
between the subsystem length and the turning point in different domain of the theory analytically.
We have compared the analytical and numerical results graphically. Then we have calculated HEE
in different domains and compared these analytical results with that of obtained numerically. We
have found that our analytically obtained result matches perfectly with the numerical results. In
case of HEE we would like to mention that, the divergent part in the in the finite temperature
case contained a a term which depends on the temperature. This is one of the unique features
of finite temperature NCSYM theory. Then we have computed HMI and EWCS for two disjoint
subsystems and made similar kind of analysis that we have done for zero temperature scenario.

In this case also we have observed that, both the EWCS and HMI is physically relevant in the
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domain au; < 1. We have aslo found the collective effect of temperature and noncommutativity
on these quantities. We have also shown the effect of UV-IR mixing of these quantities.

Now I would like to make few comments to discuss the dipole deformed super Yang-Mills theory
and different measures of quantum correlation that we have computed hologoprahically. For DSYM
theroy we are only considering the the zero temperature scenario. Unlike to the noncommutative
deformation which acts in a plane, the dipole deformation acts along a particular direction. This
dipole deformation introduces non-locality in the usual SYM theory which is manifested by the
appearance of a new length scale a = Az L. In this work we have also investigated the effect of
nonlocality on different measures of quantum correlations. First we have considered a strip like
subssytem and then expressed the subsystem length é (in dimensionless form) in terms of the
turning point, au;. To do this we have consider three different domains of theory, given by,au; < 1,
1 < auy < aup and auy ~ auy,, where auy, is the UV regulator of the theory. We have also compared
both the analytically and numerically obtained results. Then we have moved on to compute the
HEE in the different domains of the theory analytically. In this case also there is critical length
scale [. below which the HEE obey the volume like law, this implies that the divergent piece of HEE
depends on the subsystem length. On the other hand, for [ > [., HEE obey area like law. This
critical in this context is independent of the UV cut off. This implies DSYM does not exhibit UV-
IR mixing property in contrast to the NCSYM theory. Keeping this result of HEE in mind we now
proceed to compute HMI and EoP for two disjoint subsystems by following Ep = Ey duality. We
have computed these quantities in different mentioned domains of the theory. We have observed
that for DSYM theory both the HMI and EWCS are physically relevant in both the domain
auy < 1 and 1 < auy < aup. Whereas for NCSYM theory we have found that EWCS and HMI is
physically relevant only in the doamin au; < 1. Then we have graphically represented these results
of HMI and EWCS. These plots suggest that there exist a critical separation distance between two
subsystems for fixed subsystem length, for which there is phase trantition from connected phase to
disconnected phase. We have also compared the result of EWCS and HMI of DSYM theory with
that of the standard SYM theory. We have also verified that a>Ey (A : B) > 1a?I(A : B) holds for
these two mentioned scenarios. Then we have computed entanglement negativity holographically.
To compute this we have first considered two adjoint subsystems. It is to be mentioned that for

adjoint subsystems entanglement negativity is a divergent quabtity for all the three domains of
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the theory. On the other habd, in case of the disjoint subsystems we have find that it is physically
relevant in the domain au; < 1 and 1 < au; < au,. However, in the domain au; ~ auy, EN is a
divergent quantity. We have also graphically represented the results of entnaglement negativity
for both the domain au; < 1 and 1 < au; < auy.

Before concluding our discussion, we would like to highlight that it would be intriguing to explore
other entanglement measures for mixed states, such as odd entropy and reflected entropy, from
a holographic perspective. Additionally, investigating holographic subregion complexity for pure
states and the complexity of purification for mixed states using holographic methods presents a
promising avenue for future research. We plan to pursue these investigations in our upcoming

work.

2.4 Appendix A: Expressions required to compute HMI
for the consideration au; <1

In this Appendix, we will provide the expressions of the individual terms appearing in the result
of HMI associated to the consideration au; < 1. The expression given in eq.(2.130) suggests that
we need the following expressions of HEE

s (L) = S M (M e M N VAT (A e Y
s (1) = oo (G52 ) N (G )
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Using the above results in eq.(2.130), we can obtaine the desired result of HMI for au; < 1.

2.5 Appendix B: Expressions required to compute entan-
glement negativity for the consideration au; <1

In this Appendix, we will provide the expression of individual terms appearing in the expression of
entanglement negativity. The expression of entanglement negativity for adjoint subsystems given
n (2.142), suggestes that we need the following expression of HEE

6
. L . 5, 1 (M N A3
ssus(2) = o5e- s (B 30 )
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I'(1/6) ((%) + (aky? + (%)J (2.152)

On the other hand, for two disjoint interval we can obtain entanglement negativity by using

eqs.(2.145,2.124). The expression of entanglement negativity suggests that we need the following
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results of HEE for au; <1
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a
Now using these above expressions of holographic entanglement entropy, we can compute the en-

tanglement negativity by using eq.(2.145) in the domain au; < 1.
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Chapter 3

Mixed state information theoretic

measures in boosted black brane

In this chapter ! would discuss about our work on the computation of different measures of quantum
correlation for boosted black brane geometry holographically. This boosted black brane geometry
is holographic dual of strongly correlated plasma moving in a particular direction. We have made
the computation of different measures of quantum correlation by considering string like subsystem.
We have considered two different setups, namely striplike subsystem taken along the boost and
perpendicular to the direction of boost. In our study we have mainly focused on the computation
of those quantities which measure quantum correlation present in a system when the system under
consideration is in a mixed state. We have calculated entanglement wedge cross section, entangle-
ment negativity, and purification complexity. To perform the computation we have incorporated
the thin strip approximation because we are interested only on the leading order change in these
quantities due to the boost. Then we have related these quantities computed holographically to the
energy and pressure of the boundary theory. Then we have found the assyemtry ratio associated
with those quantities. This computation tells us that the asymmetry ration is independent of the
subsystem length. Then we have proceed to compute these mentioned quantities for very special

class of geometry arises in the special limit of boosted geometry.

!This chapter is based on [37].
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3.1 Brief discussion on the boosted black brane geometry

In this section we would briefly discuss about the boosted black brane geometry and its dual field
theory. As we have already mentioned that boosted black brane geometry is holographic dual of a
strongly correlated plasma moving with a constant velocity in a particular direction. Before going
to the discussion on this boosted black brane geometry we would like to provide some important
motivation to study this kind of theory in the context of AdS/CFT duality.

The AdS/CFT duality originally emerged from string theory, where it was primarily discussed in
the context of theoretical particle physics. AdS/CFT offers a promising alternative by enabling
the study of strongly-coupled gauge theories through the lens of AdS spacetime. Consequently,
there have been numerous efforts to leverage AdS/CFT to analyze and better understand the
strong force, providing new insights into its behavior in regimes where traditional methods are
inadequate. There are so many attempts to understand QCD via AdS/CFT. Quark gluon plasma
(QGP) is one of such example. According to the QCD the fundamental constituent of matter is
quarks and gluons, and they are confiend indise the protons and neutrons. However, at high tem-
perature the quark and gluons are deconfined and formed the QGP plasma. Furthermore, in the
result of relativistic heavy ion collider (RHIC) it was stated that the QGP behaves like a perfect
fluid in contrast to ideal gas. It was also observed that the quark gluon plasma has a small viscocity
which arises due the momentum transfer. This momentum transfer becomes less effective at strong
coupling. It is to be noted that, according to RHIC, QGP has very small viscosity hence, QGP is
strongly coupled. Here is an intuitive explanation of how black holes relate to viscosity. Imagine a
system at rest, like a pond of water. If we drop a ball into this pond, waves form and spread out but
eventually die down, returning the pond to stillness. This settling is due to viscosity, which causes
the energy of the waves to dissipate. Similarly, when we throw an object into a black hole, the
event horizon gets disturbed, becoming momentarily irregular. However, this disturbance quickly
fades away, and the black hole reverts to its original, symmetrical shape. This process can be seen
as a form of dissipation, akin to viscosity in fluids, where the perturbation gets absorbed by the
black hole. Thus, we can conceptualize a kind of “viscosity” for black holes, which could theo-
retically be calculated based on how quickly these disturbances are absorbed back into the black
hole. Therefore the motivation to study this system is that boosted AdS black brane background
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corresponds to a strongly coupled anisotropic thermal plasma uniformly boosted (with respect to
an obsever seating in a static reference frame attached to the flat boundary spacetime) in a certain
direction in the boundary theory [181, 182]. Such studies are important due to the experimental
investigations of strongly coupled QCD plasma at RHIC and LHC [183, 184, 185, 186, 187].

The study of this system is motivated by the observation that the boosted brane establishes a
connection between boundary field theory and string theory. In terms of the AdS/CFT corre-
spondence, when a pp wave travels along a specific direction on the world volume of a classical
p-brane, two scenarios can emerge based on whether the Bogomo’lnyi-Prasad-Sommerfield (BPS)
bound is saturated. If the BPS bound is not saturated, introducing a pp wave is akin to applying a
local Lorentz boost in the wave’s direction of travel, but this is true only if the wave’s propagation
direction is not compactified. However, if the propagation direction is compactified on a circle,
this equivalence holds only locally.

Furthermore, the boosted black brane geometry is the sole regular solution to Einstein’s field
equations that corresponds to a dual field theory on flat spacetime, representing a uniform and
constant stress tensor, as discussed in [188]. These solutions are found to give a generalised first
law of entanglement thermodynamics which contain the effects of chemical potential and charge
density. Further, the effect of IR deformation (excitations in the CFT side) can be captured by
computing the HEE of the boosted black brane. The rotational symmetry in the boundary theory
breaks down due to the boost along a specific direction, in other words boost introduces anisotropy
in the boundary theory. Hence, boosted black brane geometries in the bulk are important in in-
vestigating anisotropies of boundary field theories. It is also to be noted that the boost direction
is compactified on a circle which results in Kaluza-Klein gauge charges. Interestingly, boosted
black brane compatified along one of its lightcone coordinates gives rise to Lifshitz theory [189].
Various physical quantities such as energy, momentum and pressure can be obtained by expanding

the bulk AdS geometry eq.(3.1)) in suitable Feffermann-Graham asymptotic coordinates [190, 191].
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3.2 Boosted black brane in AdS;

The AdS4,1 boosted black brane can be represented by the following metric [192, 193]

2
ds? — % (_%dt2+[{(dy—w)2+dx%+...+dac§2—1—%) (3.1)
where
24 2
Fe)=1-5 , K@) =148 (3.2)
24 <0

In the above, 3 is the boost parameter which is constrained as 0 < g < 1 and it is related to the
Lorentz factor as v = ﬁ Further, zy is the position of the event horizon. From the metric
above, it is clear that the boost is along the y direction which in turn introduces anisotropy in

that particular direction. The Kaluza-Klein 1-form w reads

w=p" (1 — ﬁ) dt . (3.3)

In the following sections we will holographically compute various information theoretic measures
by considering a strip like subsystem in both along the boost and perpendicular to the boost

direction. We shall also investigate the effect of the boost parameter on these quantities.

3.3 Computation of information theoretic measures for strip
like subsystem along the boost

Now we would consider a strip like subsystem A at the boundary theory to compute differ-
ent mesaures of quantum correlation holographically. We specify the subsystem by its volume
V = L2 with =L <y <L and 2y, ...,24-5 € [0, L] with L — co. We consider that length can
vary only in the direction of the boost, that is, along the y-direction because we are interested to

capture the effect of boost on the different measures of quantum correlation for subystem along

the boost and width along other directions are kept to be fixed.
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3.3.1 Holographic entanglement entropy

Now we would proceed to compute the entanglement entropy of strip like subsystem as described
above holographically. It is to be noted that the boosted black geometry given in eq.(3.1) is not
a static spacetime because the metric is not diagonal. So we cannot follow the RT prescription
to compute the HEE because this technique is valid only foe static and stationary spacetime. In
this case we have to use the more general prescription to compute the HEE. Therefore we would
apply the HRT formalism to compute the HEE [194]. We choose the parametrization z = z(y)
and ¢t = t(y) in order to compute the surface area of the co-dimension two HRT surface T"3(t)

which leads us to the following result of HEE

o Area(T™(1))

Skep = 4Gj+1
Ve [0 dy aa e (fE) K@ 1 N\ 2(K(z) - 1)
2G4 /—é zd-1 K )+f(z) t (K(Z) B2 {1 K(Z)]> B

(3.4)

Now identifying the integrant of the above equation as Lagrangian £ = L(z, 2/, t,t), we can observe

that y is a cyclic coordinate. This cyclic coordinate leads to the following conserved quantity

(- %)
o (120
Y =
2
_an | fR) KR |1 _ _1 _2U(K(2)-1)
\/ K+ 75—t (K(z) 5 [1 K(z)}) N

We fix the above constant by introducing the turning point (zl',ty) inside the bulk at which 2’

VEE) This

= constant = ¢ . (3.5)

and ¢’ vanishes which fixes the above constant to be ¢ = i results in the following
equation
2(d—1)

K2 I / 1 2 12 K 1 77

(i) 2 {1_15_ (1_ ﬂ LAY (ON (f) {1_ }
K(zh)\ = B K(z) f(z) K(z) p K(z)

20(K(z) — 1
— —( (;) ) (3.6)

Substituting the above expression in eq.(3.4), we obtain the HEE to be

Vi

St = QGdH/é F( ”)dl (-5 #m)) 37)
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Now we want to make few comments about the above result. We have observed that the first term
in the above expression represents HEE obtained by following the RT-prescription which can be
obtained by setting dt = 0 in the metric and by choosing the parametrization z = z(y). On the
other hand the second term represents a correction term which arises due to the HRT formalism
[194].

Now we can express dy in terms of dz by using eq.(3.6). This reads

2d—2
z 2 f(z)  K(z)q__1 2t (K(z) 1)
-1 <> [ (#5520 K(z))
<L> 1— t
;
2

(3.8)

Zy

RGIG) |59 (1‘%[“@) )

Iy @
We can proceed further by incorporating the thin strip approximation, that is, (%) << 1. This

d
approximation can be incorporated by considering terms upto O (( ”) ) and neglect the higher

order terms in eq.(3.8). Thus the above expression simplifies to the following

d (j)d_l dz
L 1
R [ (-4 [ ]) - (3)]

Now substituting eq.(3.9) in eq.(3.7) along with the boundary conditions z(y = 0) = zl‘, (y =

(3.9)

j:é) = €2, we can write down HEE in the following form

/zf (2)/K () 1
2Gd+1 Hd— 1\/]0 \/&Z)) (1_ [ . ]>2_(i>2d—2

K(zll

Vi / (2)/K () 7 (1) |
s [ D E (s [-w]) - (3)

Before proceeding further we would like to make few comments. In this work we are only interested

(3.10)

in the leading order change in HEE ariese due to boost. It is also to be noted that, one can obtain

the leading order correction in HEE due to the boost in the thin strip approximation by considering

2¢ is the UV cut-off which has been introduced to regularize the area functional.
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the constant time slice [192, 193, 195]. This implies that, when it comes to compute the leading
order correction in the HEE (next to pure AdS), it is sufficient to work with the constant time slice
co-dimension two RT-surface. The deviations in the geometry of the extremal surface away from
the constant time slice contribute only to the second order terms in the perturbative expansion
[192, 193, 195]. To proceed further we will assume that all the computations are done in constant
time slice, that is, we will set ' = 0. Therefore, under this approximation one can write down the

subsystem size in terms of the bulk coordinate (by using eq.(3.9)) as [192, 193]

th d—1
:/mdz (Z?) —— (3.11)
" VIGKR) £ - 2/

The above discussion suggests that, we can write the expression of HEE (by setting ¢’ = 0) in the

L
2

following form [192, 193, 195]

Zl' z z”
vd_g/ i K(2)/K(2) 1 (3.12)

21/ f(Z) \/@_ <z)2d—2 ‘

eI

As we have mentioned earlier, we will now use the thin strip approximation which implies

AN AN
) o<<1, B E) << (3.13)
20 <0

K(z)
K(z))

K(z) 2,2 Zl‘ ’ < '

Keeping this thin strip approximation in mind and by using the result given in eq.(3.14), the

and we will keep terms upto O(3%v?). Keeping this approximation in mind we can obtain

192, 193]

as

subsystem size in terms of the turning point is obtained to be [192, 193]

0

d
1/
I = 22 bo+§<i—t) (by + B*4°1) (3.15)

where the expressions corresponding to the constant terms by, by and I; are given in the appendix.
One can recover the subsystem size - turning point relation corresponding to the pure AdSgzy1

geometry by taking the limits 5 — 0 and zy — oo. This reads [75]
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where Z; represents the turning point for pure AdS;y; geometry. We can relate the turning point
of boosted geometry with that of pure AdS geomtry by using eq.(3.15) and eq.(3.16). This results
in [192, 193]

1/2 i
J - / ~ “ . (3.17)

1 (2 d 2.2 - 1(z d b1 B2~2
bo+§<£> (by + 77°1) 1+§<5> <%+ b Il)

The explicit form of HEE can be obtained by using eq.(s)(3.10,3.14). Under the thin strip approx-

imation, the expression of HEE reads [192, 193]

I Vd_g Qo |i1+p_dﬂ+qd <d+1b1 1 bo)‘|
2G 41 (zly)d*2 2a9 2

S,'Ll;E — Sy (3.18)

Va—2

where Sy, represents the subsystem independent divergent term Sy;, = med%g and ag is a

I ¢ I @
constant term, given in the appendix. Furthermore, p? = <Z—t> and ¢? = 3?42 (i—g) . We can

20

express the HEE in terms of the subsystem length by using eq.(3.16), eq.(3.17) and eq.(3.18). This

reads [192, 193]
W\ 1 [ INb (d—1
=2 — (=) 2 (—= . 3.19
(z) o (250) w\ 2 TP (3.19)

The higher order terms in the above expresiion of entanglement entropy is obtained in [196]. For

Va—2a0
2G4

Skr = Sawt

the pure AdS,;,; background, the HEE of a strinp like subsystem reads * [75]

Visag (200"
SITE — Sy + a2 (—°> (3.20)

2G4 \ 1

We now define a quantity 55’% g in order to remove divergent piece and to represent the change in
HEE due to the boost. This reads [192, 193]

Vio(d + 1)by 12 {d —1 L 25272]

sgl = gl _ gpure _
BE = VEE - TEE 32Gg 0228 |d+1  d+1

(3.21)

The expression of HEE in eq.(3.19) suggests that the entanglement entropy increases in the pres-
ence of the boost. A possible reason for this increase in the entanglement entropy is an increase in
the area of the strip residing in the CFT side. Increase in the boost also leads to more excitations
in the CFT side, and this may also be a reason for the increase in the entanglement entropy from

the CFT point of view.

3This can also be obtained from eq.(3.19) by taking the limits 3 — 0 and 2y — oco.
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3.3.2 EWCS and Holographic mutual information

As we have mentioned earlier, the EE is a good way to quantify quantum entanglement as long as
the system under consideration is in a pure state. We now holographically compute EoP, which
is one of the promising candidates to quantify entanglement for mixed states. This we do by
computing the EWCS for the boosted black brane. This computation holographically probes EoP
on the basis of Fp = Ey duality [4, 78, 79, 80], already discussed in section.(1.4.3).

We consider two strip like subsystems on the boundary OM (OM is the boundary of the canonical
time-slice M that has been considered in the gravity dual). We denote these subsystems as A and
B with both of them having the same length [. Further we consider that A and B are separated
by a distance x with the condition A N B = 0. This means that to compute EWCS we have
to calculate the vertical constant y hypersurface with minimal area which splits M4 into two
domains corresponding to A and B. The time induced metric on this constant y hypersurface

reads

ds® | —1 dz? + ... + daj —|—dZ2 (3.22)
5% ing= = (dei + ... +dxy o+ — | . .
e ! 20 f(2)

By using this above mentioned induced metric and the formula given in eq.(??), the minimal

cross-section of the entanglement wedge (M4p) is found to be

Vd—2 /zt (2l+x) dz

El ez
W AGan Ly G
d a7
Vi / 20 (20+) dz " 1 zl‘f‘ z
AGa Jolw 27 2\ 0] \4
| 1 1 | Vi o ! ) | )
= - + 2020+ 2)) — (2 (z
4G g41(d — 2) [(Zt|(x))d—2 (Zt||(21+:c))d—2_ 16G 128 (2 ( ) (' (z))

(3.23)

where in the second line we have used the thin strip approximation. By using eq.(3.17), we can

recast the above result of EWCS in terms of the subsystem size [ and the separation distance z.
Vo

This reads
(2bg)4 I 1
4(2b0)2Gd+1 d—2 xd-2 (2l + l‘)d_Q
1 2629\ by By 1 2 2
— (1 — — - = — (21
i (%gK tao1) by ao1] a) @ @)
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The EWCS for the pure AdS;,; geometry (with similar setup) can be obtained by taking the limit

B — 0, zg — oo of the above expression, which gives

Vd,2(2b0)d_2 1 1
EPere — - . 3.25
W T IG(d—2) |77 @it a)ie (3:25)

We now introduce a scaling for the sake of simplification. This reads

2G _
gy, and ER =

Epara _
1%
Va2 d—2

B (3.26)

It has been observed that both Ep and Ey satisfies the bound Ew (A : B) > 1I(A : B). To
verify this inequalty for the case in hand, we need to compute the explicit expression of the mutual
information.

The holographic mutual information (HMI) has the following form in this set up
I(A:B) =8l (A)+ 8L .(B) = SL.(AuB) =25 .(1) = SL () — SL. 21 +2) . (3.27)

In the above we have used SJ'EE(A UB) = S%E(% + )+ S]”EE(x) (for /1 “small”). Keeping this
definition in mind, we can compute HMI (for this setup described above) by using eq.(3.19) in the

above expression of HMI. This turns out to be

Vo |29720071 2 1 1
I(A:B) = 26 | =2 _ld—2+xd—2+(2l+w)d_2
by d—1 5\ (., 2 (2l+=z)?
P )] 3.28
* (2b0)2zg( 2 +ﬁ7)( 2 2 (3:28)

We can recover the result of HMI for pure AdSy,, background by taking the limit 5 — 0, zg — oo

of the above expression. Thus we get

Vy_920-2pd~1 (_ 2 N 1 1 >
2Gg1(d — 2)

[""(A: B) = (3.29)

=2 gd=2 * (20 + x)d=2
Similar to EWCS, we now introduce the scaling I(A : B) = %I(A : B). By incorporating this,

we define

2 - 2
—GdH ]H(A :B) and IP""“(A: B) = —GdH
d—2 d—2

P(A: B) = ["(A: B) . (3.30)

We shall now find the critical separation distance z. at which the HMI between two subsystems

under consideration vanishes and EWCS shows a phase transition. We shall try to express this
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Figure 3.1: In the above figure, we show how the EWCS and HMI vary with respect to the
separation distance for different values of the boost parameter. The solid curves represent the
EWCS and the dotted curves represent the HMI. To make these polts we have considered d = 3,
[ =3 and zy = 10.

critical separation in terms of the subsystem length and boost parameter. It is very much difficult to
obtain an explicit analytical expression of . in terms of the subsystem length and boost parameter.
Therefore we shall simplify our analysis by fixing the spacetime dimension, namely, we perform
the computations for d = 3 and d = 4. In d = 3, the condition Il(A : B) = 0 at + = =, gives the

following equation

2(ﬁr(3/4))2[_g 11 ]+ﬁ%<1+62ﬂ [lz_x_g (21—1—:60)2] 0

I'(1/5 I x. 2+, 2/7T(3/4) ) 2 2 2
(1/5) (ﬁ) (10)?
(3.31)
On the other hand, for d = 4 we get
T4/6)\*[ 2 1 1 TG [, 2 (@4w)?]
2WVrramy) et @y Y a2 2 =0
(2vrrg) (o)
(3.32)

One needs to solve the above equations in order represent x. in terms of the subsystem size [. We
now graphically represent our observations in Fig.(3.1).

It has been pointed out in [4] that mutual information vanishes at a critical separation length,
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namely, x. for a fixed subsystem size. This in turn means that at * = x.,, EWCS shows a
discontinuity which represent a phase transition between the connected phase and disconnected
phase of the entanglement wedge. Upto x = x., connected phase is the physical whereas beyond
x > x. disconnected phase is physical. Some recent works in this direction can be found in
[38, 114, 160, 170, 171]. In order to compute the critical length z. for the case in hand, we
firstly fix the parameters d = 3, [ = 3 and 2y = 10. We then plot the expressions of EWCS and
HMI, namely EN and [P*%(A : B), for various values of the boost parameter 3. We observe
that increasing the value of the boost parameter causes earlier saturation of the HMI and in turn
means earlier phase transition for the corresponding entanglement wedge. This has been shown in
Fig.(3.1).

Similar to the HEE, we now compute the change in HMI and EWCS due to inclusion of the

anisotropy (boost) in the boundary field theory. This has been given below

SEy, = E), — ER

Va2 1 2629\ by | [*? 9 9
= w2z |5 1 — 21 — ,
832G 117002 {2 ( taoT ) g Taot) (e - (3.33)

and by using eq.(s)(3.28,3.29)

6I(A:B) = Il(A:B)—1""(A:B)

W,le (d + 1) d —1 262’}/2 2 2 2
- 2 — 42— (21
32Gab2d \d+1  dil v =2+

(3.34)

Now we shall try to relate this change in EWCS due to the boost with the excitation energy
and pressure of the boundary CFT. To do this we first take the adjacent subsystem limit, that
is, z — 0 in eq.(3.33) and then compare it with the change in HEE given by the expression in

eq.(3.21). Thus we get
SEl, =X 6S) . . (3.35)

This above result shows that the change in EWCS due to the presence of boost is proportional to
the boost initiated change in HEE upto a constant factor A\;%. We should keep in momd that, we

have obtained the above result under the thin strip approximation. The above relation can be used

4The explicit expression of A\; has been given in Appendix B.
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to relate the leading order change in EWCS to the excitation energy and pressure of the boundary
CFT. This can be done by using the relation for the change in HEE ((55,”%,) with the boundary

field theoretic quantities like excitation energy and pressure. This relation reads [192, 193]

1 d—1
0Shy = T (AE” - mmpn) (3.36)

where AE), AP, Tg, V = V45l are the excitation energy, pressure, entanglement temperature

and volume of the subsystem respectively. The expressions for these quantities read [192, 193]

Viol (d—1 5\ d
AE;, = @
= 167Gary ( 7 TP )
d 1 1
AP, = —— (=432 =
| 167TGd+1 (d + 6 K ) Zg
b2d
Ty = —2—. .
= p (3.37)

Now by substituting eq.(3.36) in eq.(3.35), we obtain

A d—1
SE), = T—; (AE—mVAP> . (3.38)

The above result shows that, the change in EWCS is related to the excitation energy and pressure

of the boundary theory.

3.3.3 Entanglement negativity

We now turn our attention to another entanglement measure called the entanglement negativity,
also referred to as the logarithmic negativity (Ex). This measure is considered a strong candidate
for quantifying entanglement in mixed states. In section(1.1.4), we have briefly discussed the
concept of entanglement negativity and its significance in context of quantum information theory.
However, to proceed further we now qualitatively discuss how one can compute entanglement
negativity holographically in section(1.4.4). Two different proposals have been suggested by various
literatures in this direction. One of the proposal suggests that, Fy can be computed by calculating
the area of an extremal cosmic brane that ends at the boundary of the entanglement wedge
[81, 82]. Another proposal states that, the entanglement negativity is given by certain combinations
holographic entanglement entropy [84, 85, 86, 87, 88, 89]. Both of these proposals reproduce the

exact known result of entanglement negativity in CFT. In our work we have followed the second
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proposal to compute the entanglement negativity holographically.
To compute Ey holographically we first consider two adjacent strip like subsystems. Let us conider
two strip like adjacent subsystems A and B with length [; and [ respectively. In the case of such

adjacent subsystems the entanglement negativity (Ey) is defined as [84, 85, 86, 87, 88, 89]

B, = 5 [Shs() + Sh(b) — Skp(h+1)] (3.39)

Substitutig eq.(3.19) in the above expression, one can find the entanglement negativity for adjacent

subsystems. This results

I 3Va_2aq il 1 1 1
= ——|(2b _
Nadj 8G i1 (2bo) Lil_Q + lg_Q L T 1)
1 bi (d—1 2.2\ 2 | 2 2 3
— IT+105— (I +1 ° S 4
22&(%0)2@0( 2 +67)[1+2 (I + 12)7] +4Sdz (3.40)

Furthermore, one can get the entanglement negativity for two adjacent subsystem for pure AdSg. 4
background by taking the limit 5 — 0, zyp — oo of the above result. This reads

3Vd2a0(2b0>d_2|: 1 i 1 B 1
W2y ()2

It is to be noted from eq.(s)(3.40,3.41) that, for adjacent subsystems Ey is a divergent quantity.

pure
Nadj 8G 41

} + st,-v . (3.41)

We now compute the change in Ey due to the inclusion of boost, this we define as

_ [| pure

0 ]HVadj - Nogj ~ ' Nag
3Vy_aby d
1623Gd+1(260)2

;1 + 5272] (B+15—(L+1)) . (3.42)

Furthermore, if we consider a special case where, the subsystems to be of equal length, that is,

[y = ls = [, we then obtain the following expression of 5E1Hv

adjacent

 3Vaoh® [d-1
828Gq41(200)% | 2

l _
5ENadj |ll=12 -

- 5272] . (3.43)

This completes our analysis of computing Ey for two adjacent subsystems.
We now consider two disjoint strip like subsystems A and B with length /; and /5. The subsystems
under consideration are separated by a length x. In this case the entanglement negativity reads

[99, 100]
3
B\, = T [SLE(ZI ta)+ S+ 2) = Sl + o+ 2) — s}gE(x)] . (3.44)
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Now to obtain the explict expression of Fy we have to use the expression of HEE given in eq.(3.19)
in the above result. This results
I 3Vasag

Nais 8Gd+1

22?(/;;2)2 (d 5 Ly 6272) ((ll +2) +(lt+2)? = (h+h+a)’ - 552)] - (3.45)

Similar to the adjacent case, in the limit 8 — 0 and zg — oo of the above expression, we get the

(2b) 1 N 1 B 1 1
‘ (h+2)2 " (h+2)2 (I + 1+ )2 zd2

the pure AdSyy1 result. This reads

3Vd,2a0 d—2 1 1 1 1
ERYe = 2b — -
Nais 8G i1 (2b0) (I 4 2)d-2 * (b +2)2 (L4l +2)2 2d2

) - a0

Furthermore, it is to be noted that in the disjoint set up, the entanglement negativity does not
receive any contribution from the divergent piece. Therefore the entnaglement negtaivity for
disjoint subsystems is a finite quantity. On the other hand, the change in entanglement negativity

(disjoint case) due to the boost can be defined as
5 || — || _ pure
Ngis  — Nais Nais

SViob (d—1 , ; o
B 16zg(2b0)2( 5=+ ) i+ 2) + () = (b +lt+) —a® | (347)

So far we have considered the subsystems with different lengths [; and l5. We now consider a
special scenario where the lengths of the two strip like subsystems A and B are equal, that is,
Iy = Iy = 1. At this condition, the expressions given in eq.(s)(3.45,3.46) get simplified to the

following forms

v 3 s 2 1 1

TV . <d§ Ly 5272> (2(l +2) = (2 +x)° - $2)] (3.48)

_ 3ag 2 1 1
ERY el L = 2b - - ) 3.49
Ndz‘s‘ll_lQ 4 — 0) <<l+$)d2 (20 + x)d-2 de) ( )
2Gd+1

where we have used the scaling Ey =

Ex. On the similar note, the change in entanglement

negativity with the condition l; = [y =1 reads

3Va—aby d—1 2 2 2 2 2
-, = 2(1 — (21 — i 3.50
li1=l2 1623(2b0)2Gd+1 < 92 + ﬁ Y ( + .T) ( + (L’) x ( )
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Figure 3.2: Variation of entanglement negativity for two disjoint subsystems (with equal length
[ = 3) with repect to the separation distance between the two subsystems is plotted in the above

figure. To obtain these polts we have fixed d = 3 and 2, = 10.

It is also reassuring to observe that if we consider the adjacent subsystem limit z — 0 in eq.(3.50),
we obtain eq.(3.43).

In order to understand the effect of the boost parameter on the entanglement negativity, we plot
the result of Ey of two disjoint subsystems of equal length [ (given in eq.(3.48)) with respect to the
separation distance. We consider different values of the boost parameter 3. We find that for 5 — 0
and zg — 00, the entanglement negativity does not vanish at any value of the separation distance
between two subsystems.This corresponds to the outcome for the entanglement negativity in the
case of two disjoint subsystems of equal length within a pure AdSy., geometry. However, for a non-
zero, finite value of the boost parameter 3, we observe that entanglement negativity vanishes at a
critical separation distance z’.. Furthermore we have also observed that, the value of this critical
separation length z/ decreases with the increase in the value of the boost parameter 5. Thus, one
can say that entanglement negativity measures correlation between two disjoint subsystems even
when they are not in the connected phase because entanglement negativity vanishes at a larger
value of the separtion compared to mutual information and EWCS.

On the other hand, comparing the expression given in eq.(3.43) with eq.(3.21), we obtain the

following relation
OB, lu=ts = Ao 05k (3.51)
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The above relation suggests that the change in entanglement negativity due to the presence of boost

is proportional to the change in HEE upto a constant factor \y®. This has also been observed in

case of EWCS.

3.3.4 Holographic subregion complexity

Quantum complexity is another fundamental quantity in the context of quantum information
theory. The basic concept of circuit complexity has already been discussed earlier in section(1.1.5).
In this section we compute complexity holographically. There are different proposals to compute
the complexity holographically. We have discueed these proposals in details in section (1.4.5). In
our study we are particularly interested in the computation of holograhic subregion complexity.
It relates co-dimension one volume (V' (7)) enclosed by the extremal RT surface to the complexity
[112]

V(7)

Cy= —
v 87TRGd+]_

(3.52)

Some interesting works related to the holographic computation of complexity can be found in
[197, 198, 199, 200, 201, 202, 203, 204, 205, 206, 207, 208, 209, 210, 211].

Now in this set up (where the subsystem is taken to be along the direction of the boost), if V(v)!
denotes the maximal co-dimension-one volume enclosed by the co-dimension-two static, minimal

Ryu-Takayanagi (RT) surface in the bulk. Then the holographic subregion complexity (HSC) reads

V()

= i 3.53
v 87TRGd+1 ( )

It is to be kept in mind that, in this case where the subsystem is placed parallel to the boost
direction, the volume of the corresponding RT surface can be obtained by using eq.(3.1) and

eq.(3.9). This in turn leads to the following [212]

_1 d—3
ol Vi L2 (T 1
v 87TGd+1(d - 1) Ed_l (d — 1) F(@) ld_2

(d —2)mby o of (d=2)7 (2
(2(d—1)b§ +(2—d)00> + 57 (m (b—0—1> +C2—Cod>]] .

5The explicit expression of Ay has been given in Appendix B.

12
4b2 4
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where we have set AdS radius R = 1. Similarly the holographic subregion complexity for a

subsystem of length [ for pure AdS;,; geometry reads

. d—3
Vi, | 202p% (F(Tg) Vo
)

|/ pure 1
crure — _ _ 3.55
v 87TGd+1 87TGd+1 d—1 Edil (d — 1)2 F(ﬁ ld72 ( )

The above result can also be obtained by taking the limits 5 — 0 and zy — oo of eq.(3.54). We
compute the change in complexity due to the presence of the boost parameter. This we define as

(5C‘“/ = C‘”/ — CP7° . By substituting the corresponding expressions, we get

1 Vaol? (d—2)mbhy B , of (d=2)7 2_51 B B
v = 8mGay1 40223(d — 1) |\ 2(d — 1)b3 +(2—=d)ey | + 8% 2d—1)%, \ b L) 4+c—cd]]| .

(3.56)

3.3.5 Mutual complexity

In order to find the complexity for mixed states, we follow the purification complexity (CoP)
protocol. It is defined as the minimal complexity among all possible purifications of the mixed
state. This protocol suggests we need to compute the mutual complexity in order to compute the
mixed state complexity [33, 32, 34, 113]. We have discussed the purification complexity in the
context of quantum information in section(). We have also described the holographic computation
of mutual complexity earlier.

To compute the mutual complexity holographically, we consider two disjoint subsystems A and B
of equal length [ on the boundary Cauchy slice, separated by a distance x. For 7 < 1, the mutual
complexity is given by [32, 33, 34, 35, 36, 38]

Acl = cly)+c(B)-cl(AuB)
= 2l —-cl@i+z) +cl(z) (3.57)

where in the last line we have used C‘”,(A UB) = C"”/(Ql +x) — C‘H/<I>, for § < 1. This relation

is valid in general for two subsystems of equal length and with separation x [113]. Now by using
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eq.(3.54), we find the mutual complexity as

1 d—
acl - Vs [ (TG T [ S
87Gan(d—1) | (@—1) \T(giy) @+ 2)?  gd2 a2
1 (d—2)7rb1
2 —
102 (2(d—1)b3+< d>c°>

(d — 2)’7T 2b1
v (W (1) C°d>

(217 + 2° — (21 + 2)?)

(3.58)

where the expressions corresponding to the constant terms ¢y, ¢; and ¢y are given in the Appendix.

On the other hand, the mutual complexity for pure AdS;,; background is obtained to be

d—1 d
ACPYe  — Va2 2027 ([ T(5) ’ 1 N (3.59)
 81Ga(d—1) (d—1) \T(m) (20 + z)d-2  gd-2 d=2 ] T

1
(2d-2)

Keeping this result in hand, the change in mutual complexity can be computed by

scl = Acl — Acree
Vd72 1 (CZ — 2>7Tb1
= — 2—d
87 Glas1(d — 1) 46228 [(2(d T (2=d)eg

Similar to the previously computed quantities, we scale the mutual complexity in the following

way

_ 2G
AL Acl and e — £Md+l
d—2 d—2

frere = Acrre (3.61)

We now proceed to represent our results graphically. It has been noted that the mutual complexity
can either be subadditive if AC > 0 or it can be superadditive if AC < 0. In order to observe
this for the case in hand, we take the help of fig.(3.3). We observe that the mutual complexity is
super-additive for every possible value of the boost parameter 5. Furthermore, the effect of the

boost on the mutual complexity can be observed from the mentioned figure.
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Figure 3.3: The figure reprents the change of the mutual complexity with respect to the separation
distance (z) between the two subsystems for different values of boost parameter. In order to get

these plots we have set | = 3, d = 3 and 2y, = 10.
3.4 Strip perpendicular to the boost

In this section we consider a strip like subsystem having orientation perpendicular to the boost
direction and compute various information theoretic measures as we have done in the previous
section for parall strips. Further, we assume that the subsystem is placed along the x; direction
while boost is along the y direction. The subsystem is specified by the —% <z < é, 0<y <y,
and 0 < z; <;. l, and [; is taken to be very large, that is [,,[; >> [. Furthermore we assume that

that the lengths along the directions other than x; are fixed.

3.4.1 Holographic entanglement entropy

We now again use the HRT prescription to obtain the HEE of a strip perpendicular to the boost.
The co-dimension two static minimal surface I'"}*" can be parametrised by z = 2(z1) and t = t(xy).

This leads to the following expression of HEE
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Identifying the integrant of the above expression as Lagrangian £ = L(z, 2/, t,t'), we note that x;
is a cyclic coordinate. This results in the following conserved quantity

K(z)

2
d—1 22 fle)  K(E (1 _ 1
z \/ I+ -0 (K(z) 52 (1 K(z)))

The constant ¢, can be fixed by introducing the turning point (z;i,#}) inside the bulk at which

H=— = constant = c . (3.63)

/ 1
2" and t’ vanishes. This fixes the above constant to be ¢ = —ffT(ftl)). By using this value of the
2t

constant ¢ in eq.(3.63), we obtain the following equation

t f (ﬁ(é)) (- Kiz>>2> - 75 (_) ' (864

Substituting the above expression in eq.(3.62), the HEE of the strip is given by

Vio [ dry K(2) (z#)d_l

2G 411 —L zd-1 VEK(z) z

It is to be mentioned that, one can obtain the similar result by following the RT formalism. To

L
Sgp =

(3.65)

proceed further, we now write the boundary coordinate in terms of the bulk coordinate. This can
be done by simplifying eq.(3.64). Thus we can write dx; in terms of dz in the following way

2

d—1 2 1y2d—2( f(2) K= (1__1 2
dz <%> 1" 2/ 2 (H -5 (- =ty))
2t

2d—2
T 7( ; )
K(z#‘) z#‘

day = . . (3.66)

To proceed further, we have to consider the thin strip approximation. This can be incorporated
by keeping terms upto O ((z / th)d) and neglect the higher order terms in the above expression.

This results

d—1
dzy = = <T> T (3.67)
f(z) {é?) B (ﬁ)m—z} >

Substituting the above result in eq.(3.65) we can obtain the following form of HEE [192, 193]

1

e d
5t = i / & . (3.68)




K(2)

It is to be mentioned that, in the thin strip approximation one can simplify "Gy 3 follows
t
K (%) 2.2 2\* 5 ’
~ 1 1—(— - . 3.69
8 + %y - o (3.69)

In the above result we have kept terms upto O ((z/ ztl)d). Using the above expression, the HEE
of the strip is obtained to be [192, 193]

Vi oa /d_|_/d a /d
T de+—“°(1+(p )24

L1(d-2) 2 agp 2

2 d—la,() d—lao

dt1b_ ;b_oD (3.70)

where G441 is the (d+1)-dimensional Newton’s constant and Vy_o = [, l5...l4_2 is the spatial volume

20
Via—2 1
201 (d—2) d—2°

1\a 1\d
of the boundary and p'¢ = (ZL> ¢4 = 3242 (%) . Sqiv Tepresents the subsystem independent
divergent term Sg;,, =
Now we would obtain the subsystem length in terms of the turning point. Under the thin strip

approximation, the relation between the subsystem size [ and the turning point 2z reads [192, 193]

|~ 2z

bo + » (i)d (b + ﬁ%““[l)] : (3.71)

2 20

On the other hand, the relationship between z;- and % (where % is turning point for pure AdS

back ground) is obtained to be

/2 Z,
= — ({ ~ - “t . (3.72)
L 22 _
b0+2<zo> (b1 + B221i) 1+%(j—é) (Z—;—i—ﬁiffl)
Now the HEE in terms of the subsystem size can be written down as [192, 193]
Visao (200\"°  Visbi(d+1)%(d—1

SL — Siv - 2~2 . 3.73
ST ( z ) T Gt \as1 TP (3.73)

The change in HEE due to boost can be computed by using eq.(3.73) and eq.(3.20). Thus the
change in HEE reads

Vaobi(d+1)2[(d—1
0S5r = Spp — Sk’ = R 3.74
EE = OBE ~ PEE 320G bt \dt1 + 8% (3.74)
Furthermore, the relation between §S%; and (SSJlJ 5 reads
1+ 222
gl d—1 5SL . 3.75
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From equations (3.21) and (3.74), it is evident that Sz > SJ!;E. This indicates that the entangle-
ment entropy of a strip oriented perpendicular to the boost direction is greater than that of a strip
aligned parallel to the boost. This observation underscores the anisotropic nature induced by the
boost in the boundary theory, as the boost breaks the rotational symmetry of the boundary field
theory [182]. The increased entanglement entropy in the perpendicular direction, compared to the
parallel case, arises from the pressure asymmetry in the conformal field theory (CFT). Specifically,
the CF'T ’pressure’ differs between the perpendicular and parallel directions, with the parallel
direction experiencing higher pressure due to the boost [195]. This pressure imbalance results
in excitations in the CF'T requiring more energy in the parallel strip than in the perpendicular
strip. Consequently, the entanglement entropy is enhanced in the perpendicular case relative to
the parallel case [192, 193]. This reasoning highlights the significant role of CFT ’pressure’ in the

boundary in determining the entanglement entropy of subsystems within the boundary.

3.4.2 EWCS and Holographic mutual information

We now proceed to compute the minimal cross-section of the entanglement wedge for subsystems
oriented perpendicular to the direction of the boost. Consider two subsystems, A and B, each of
equal length [ and separated by a distance z. In this setup, we aim to determine the minimal area
of a vertical constant x; hyper-surface that divides the entanglement wedge M 45 into two regions
corresponding to A and B. The induced metric on this constant z; hyper-surface is given by

d32 ‘ind

1 ) 5 dz?

The above mentioned induced metric leads to the following expression for EWCS

2 (2l+x) K
Bt = i / dz_ K@) (3.77)

L TE S 2V f(2)

Under the thin strip approximation, the explicit expression of Ey; is found to be

(52 + 2))” = (21 (2))7] -

(3.78)

Vo 1 1 ] Viea(14 %)

El — —
W 4G (d—2) | (2 (x))42  (2(20 + x))d-2 16Gg: 128
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By using eq.(3.72) in the above expression, we get EWCS in terms of the subsystem size [ and

distance of separation x. This reads

o Vio | (20)%2 [ 1 1 N (20 + x)? — 2] [ 1+ 3242 by N B2,
W 2G| 2(d —2) |zd=2 (20 4 z)d-2 428(200)? 2 bo bo ‘
(3.79)
Now we introduce the following scaling similar to the parallel case
_ 2G
Erer — Rl pl (3.80)
Vo
Furthermore, the change in EWCS in this set up stands to be
§Ey = Ey—ER™
Vs 1 2.2 by 2 201 2 2
= ——— |- (1 - = — 2l — : 3.81
We can express dFj; in terms of 6E“,‘V by using eq(s).(3.33,3.81). This results
l(l + ﬁQ»YQ) — (b_l + M)
SEL = |2 A IV 5 (3.82)

b (1) R
We can now relate this change in EWCS (given in eq.(3.81)) with excitation energy and pressure
of the boundary theory. To do this we again consider the adjacent subsystem limit (z — 0). In
this limit the change in EWCS, §Ej;; can be written as

Vaol? {1

b I
SEL = 2 | = (14 8%2) — [ 2+ 82221 )] . 3.83
W= e 2 ) (b0+/37b0 (383)

In this limit (adjacent subsystem limit), the relation given in eq.(3.82) stands to be true. Now

comparing the above expression with the one given in eq.(3.74), we get
§Ey = X3 0SEg - (3.84)

In order to relate 0y, to the boundary CFT quantities, we recall the following relation [192, 193]

1 d—1
6Sgp = = (AEL— ——VAP 3.85
EE T ( 1 d+ 1V L) ( )
where AE, = AE), AP, = L L The expression of entanglement temperature T is given

g 167‘(’Gd+1

in eq.(3.37). Now by using the abve relation in eq.(3.84), we get

A d—1
L _ A3 - -
OEy, = (AE 1VAP ) . (3.86)
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On the other hand, the HMI in this set up is given by

Vg |24 2p31 (_ 2 1 1 )
d—2

2G4

I*(A:B) = ([d—2) [d—2 (20 + z)72

bi(d+1)[d-1 2.2 2 2 2
20° —x* — (21 )
166228 (d+1+67 (26 =" — (20 + 2] (3.87)
Similar to the EWCS, we now compute the change in HMI due to the boost. This reads
SI*(A:B) = I*(A:B)—1I""*(A:B)
Viabi(d+1) (d—1 2 2 2 2 2
207 — x° — (21 3.88
G a1 P et )] (3.88)

where IP"¢(A : B) is the HMI with pure AdSyy; geometry in the bulk, given in eq.(3.29). Further,
the relation between 61+ (A : B) and 61(A : B) can be obtained by using eq.(3.34) and eq.(3.88)

d—1 26272
d+1 d+1

SI(A: B) = SII(A: B) . (3.89)

We again introduce the following scaling for the sake of simplicity

2Ga4

d—2

I"“P(A: B) = I(A:B). (3.90)

Similar to the parallel case, we now graphically represent our results to show the effect of boost
on EWCS and HMI. This we have done in fig.(3.4). To make these polts we have set [ =3, d =3
and zg = 10. In the left panel, we present the derived expressions for EWCS and HMI, as given
in eq.(3.80) and eq.(3.90). It is evident that for fixed subsystem length and boost parameter the
mutual information vanishes at particular value of the separtion distance z., hence the EWCS
shows a phase transition from connected phase to disconnected phase at this particular value of
the separation distance. It is also observed that, the critical separation length, x. , decreases as the
boost parameter increases. In the right panel, we compare the result of EWCS and HMI computed
in both perpendicular and parallel set up. This we have ploted for a particular value of the boost
parameter, namely, 8 = 0.99. TWe observe that for the same value of the 3, the discontinuity in
EWCS occurs at a early value of z, for the perpendicular case.

One can obtain the critical separation distance x. in terms of the subsystem length and boost

parameter. In order to do this we use the fact that mutual information vanishes at = x.. For
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Figure 3.4: In this figure we have shown the variation of EWCS and HMI as a function of separation
distance x between two subsystems of fixed length [. In the left panel, we have represented the
result of EWCS and HMI when the subsystems are placed perpendicular to the boost direction. In
the right panel, we have compared the result of EWCS and HMI between the perpendicular and
parallel set up. This we have done for g = 0.99. For these plots we have also set [ = 3, d = 3 and
zo = 10.

d=3,I*(A: B) =0 at = z. condition gives

NZs 4/t 3/4)( +5829%) 1 2 2
2< {1(/35/)4)> [_7 * a:lc " 2l—11‘37c] ! 16(10)? <§F(3/4)> 2 —ae— @] = 65

(1/5)

Similarly, for d = 4 we get

—T(4/6) o1 1 4O (3 1 3242) . i
2(\/_F(1/7))) [ l2+x3+(2l+xc)2}+16(10)4 (\/_%%) 5 [21 2 (2 +x.)?] =3.02)

In order to obtain the analytical expression the critical separation z., one needs to solve the above

equation (d = 3). As it is already mentioned that, the point x. is defined as the critical point
at which the mutual information vanishes and the EWCS shows the phase transition from the
connected phase to the disconnected phase. We can get a qualitative comparison between critical
points computed in the parallel and perpendicular to the boost scenario by using the expressions
of IP"P(A : B) and IP*%(A : B). This we show in fig.(3.5). We observe that the deviation between

the critical separation lengths is prominent for relatively larger value of the boost parameter .
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Figure 3.5:  The above figure describes a comparison between the critical separation length

z. (where the HMI vanishes) for both the parallel (denoted by blue points) and perpendicular
case(denoted by red points).

3.4.3 Entanglement negativity

We now proceed to compute the entanglement negativity (Fy) for the perpendicular case. Similar
to the parallel case, we again consider two different configurations to compute Fy holographically.
Firstly, we consider two adjacent subsystems of length [; and s and then two disjoint subsystems
of length [; and [,, separated by a distance .

For the adjacent set up, entanglement negativity can be obtained by using the following result
3
EN,y; = 1 [Sge(h) + Sge(le) — Spp(li +1)] - (3.93)

In the above expression Sgg represents the HEE of a subsystem perpendicular to the boost, given
by eq.(3.70). With this above result in hand we can compute the Ey for two adjacent subsystems.
This reads

3. Wasa@0) (1 1 1
EJ— = =S v —
Nadj 4 d + 8Gd+1 l?iZ + l372 (ll + l2>d_2
3Vi_obi(d+1) (d—1 T T, ,
G+5—-0+1 . 3.94
* 128G 4410328 d—|—1+57 [+ 15—l +12)7] (3.94)
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The above expression of Fy suggests that, the entanglement negativity for adjacent subsystems is

a divrgent quantity. On the other hand, the change in Ey reads

6B,y = By~ ERiy
3Viobi(d+1) (d—1 P T, )
Al =+l 3.95
108G \ar1 TP h = (k)] (3.95)

where EY' t; is given in eq.(3.41). One can now observe a relation between 5E]”Vadj and 5Eﬁ,adj by

using eq.(s)(3.42), (3.95). This reads
i + 5272] ||

d+1
1
OB, :{ 5 ] P e OB, - (3.96)

Now if we consider that the lengths corresponding to both of the subsystems are equal, that is,

[, = I, = [, we then obtain

3V oby(d+ D)2 (d -1
OB, ety = — RUE :
Nadj |ll_l2 64Gd+1bgzg d ‘I" 1 + /6 /7 (3 97)

Next we move on to compute the entanglement negativity holographically for disjoint subsystems.
To do that we consider two disjoint subsystems A and B of length [; and [, perpendicular to the
boost direction, with a separation of x. In this set up one can obtain entanglement negativity by

using the following formula [99, 100]
3
Ex, = 1 [Sgp(lh 4+ x) + Sgg(le + 2) — Szl + b+ x) — Sgg(x)] . (3.98)

Thus using the result of HEE given in eq.(3.70) in the above expression we can obtain the following

result of entanglement negativity for two disjoint subsystems

L §Vd—2ao(2bo)d72
Nais 8 Ga

1 n 1 B 1 B 1
(ly + I)d_Q (I + ZL“)d_2 (ll + 1+ x)d_g -2

3Vaobi(d+1) [d—1
d21( )( +ﬁ272)

12802G 44128 \d+1
The above result suggests that, the entanglement negativity for two disjoint subsystems is a UV

(ll + 17)2 + (lQ + 13)2 — (ll + lQ + I)z - ]72] (399)

finite quantity. Similar to the parallel case, if we take the length of subsystems to be equal, that

is [ = Iy = [, then the entanglement of negativity (disjoint configuration) reads

_ 3 s 2 1 1
ENiuln=e =7 [“0<2b°) ((z R O xd—2>

b(d+1) (d—1 ., ,
32020 (d+1+57

21+ x)* — (2l + x)* — x2]] (3.100)
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—perp _ 2Ga41
where By = T2 By

We now graphically represent the variation of entanglement negativity of two disjoint subsystems
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Figure 3.6: We have shown the variation of entanglement negativity for two disjoint subsystems
(by considering the fact that, the subsystems are perpendicular to the boost) with same length [,
with the separation distance (z) between the subsystems in the above figure. In the left panel of
the above figure, we have shown the effect of the boost parameter on the entanglement negativity,
computed in the perpendicular set up. On the other hand, in the right panel, we have compared
the results of entanglement negativity (for two disjoint subsystems of equal length) for two different
configurations. The blue curve depicts the result of Ey, when the subsystems are along the boost
and the red curve represents the result when the subsystems are perpendicular to the boost. In

both the cases we have taken the boost parameter 5 = 0.99. We have set d = 3, [ = 3 and zy = 10.

(given in eq.(3.100)) with respect to the subsystem separation for different values of the boost
parameter in the right panel of the abive figure. We find that Ey computed in the limit 8 — 0
and zg — oo does not vanishes at any value of the separation distance. However, for a non-
zero, finite value of the B, Ey vanishes at a finite value of the separation distance. Further,
as we increase the boost, entanglement negativity vanishes at a smaller value of the separation
length. This is very much clear from the fig.(3.6). Furthermore, from the right panel of fig.(3.6)
we observe that, entanglement negativity vanishes earlier for the perpendicular case, at the same
value of the boost parameter (in this case f = 0.99). This we have observed in the parallel
scenario also. We denote this length scale (at which Ey vanishes) as the critical separation length

x. for the entanglement negativity. We now compare the values of this length scale, computed in
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Figure 3.7: The above figure presents a comparison of the critical separation length x., at which
the entanglement negativity between two disjoint subsystems of equal length vanishes, for both

the parallel (denoted by blue dots)and perpendicular configurations (denoted by red dots).

both parallel and perpendicular set up. This we have shown in fig.(3.7). We observe that in the
perpendicular set up, the entanglement negativity vanishes for a smaller value of z., for the same
value of the boost parameter. Furthermore, . decreases with the increase in the boost parameter.
With this computed result (given in eq.(3.99)) in hand, we can now compute the quantity dEy .
This reads

3WVaabi(d+1) (d—1
6EL — 2.2
Noo = 128Gt \d+1 07

(h+z)P+ (42— (h+b+z) - a:2]
(3.101)

Furthermore, when the length of the two subsystems are equal, that is, [y = [, = [, the change in

entanglement negativity reads

. 3Vd_2b1(d + 1) d—1 9 9
AT 19802G 28 \d+ 1 T8

5E1J\}dis

2(l +2)* — (2l + 2)* — x2] . (3.102)

With the help of the above expression and eq.(3.50), we can find the following relation

d—1 2.2
a1 T8
T

= JEN,. - (3.103)

6Ey = [d'gl]

By looking at the above relation and the one given in eq.(3.97), we can conclude that the relation

between 6 Ey and 5E]HV stands to be unchanged irrespective of the adjacent or disjoint subsystem
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choice. Further, it is also reassuring to observe the fact that in the limit x — 0, eq.(3.102)
reproduces eq.(3.97). Similar to the parallel set up, once again we construct a relation between

5Eﬁadj’l1=lz and 0S%,. This reads

0By, , =ty = M 0S5 - (3.104)

3.4.4 Holographic subregion complexity

In this section we compute the holographic subregion complexity of a strip like subsystem say A
which is perpendicular to the direction of boost. In this set up, the HSC is obtained to be

Vi(I)

Cp =
v 871G g1

(3.105)

where V| (I") denotes the volume enclosed by the co-dimension two static minimal Ryu-Takayanagi
(RT) surfaces in the bulk. Following similar procedure as we have done in case of the subsystem

parallel to boost scenario, we compute the co-dimension one volume V| (T") and substitute in

eq.(3.105). This leads to the following [212]

_ d—3
C‘J/_ _ 1 Vd_g l B 2d72ﬂ'% F(%) ‘/d_g B ‘/;Z_QZQ (d — 2)7’(‘()1 n (2 B d)CO
87Can |[d— 11 (- 12 \T(giy) ) 172 43(d— 1)z |\ 2d— DR

+ B3 <% + ey — (d— 1)c0> ” . (3.106)

On the other hand, the change in HSC is obtained to be

B Vd_2l2 (d - 2)7Tb1 (d — 2)7TIZ
0Cy = T 32G02(d — 1)28 [(2(d —e e d)c‘)) +8Y (W e ld- 1)00) ] '

(3.107)

Now we will relate this change in the HSC with the boundary field theoretic quatities. This
provides a thermodynamics like law for HSC. The change in the holographic subregion complexity
(6CiE) related to 55275 (given in eq.(3.21)) and §SE, (given in eq.(3.74)) reads [212]

1 55 d—2  d—3 .
<d+1>b%_( 2 _<d+1>b%)5SEE | (3.108)

1 _
v = 2(d —1)3
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Now using eqgs.(3.36,3.85), one can relate the change in the holographic subregion complexity with

the boundary field theoretic quantities like excitation energy, pressure in the following way:.

1 d—2 d—2 d—1\ (AP d—2 d—3
. — )Y ) — _y (=) (2L Ap —
oGy 2(d —1)3Tg { ((d+1)b% v ) 4 <d+1> < b S\ (d+1)b?

(3.109)

Similarly following [212], we can write (50“‘, (given in eq.(3.56)) in the following way

. 1 d—2 d-2\ | (d-1\ (AR d-2  d-3
v = =TT, [AE ((d+ e~ ) e\ AT T ae e
VIB*y2cq b?

3%Gﬂmd—m%%[“+W—2xw+U%}. (3.110)

_I_

From both the eqs.(3.109,3.110), we observe an interesting fact that the change in complexity
for strip placed along the perpendicular to the boost direction is related to the CFT pressure
perendicular to boost and also on the pressure parallel to the boost. The same is true for the
change in HSC for parallel strip (placed along y-direction).

With the computed result of HSC (given in eq.(3.106)) in hand, we now proceed to calculate the
mutual complexity between two subsystems A and B which are in perpendicular orientation with
respect to the direction of boost. For that we will consider two subsystems of equal length [ and

with a separation of x. In this setup, the mutual complexity reads
AC*H = Ci(A) 4+ Ci-(B) — Ci-(AU B) = 2Ci- (1) — Ci- (21 + x) + Cis () . (3.111)

For the above mentioned configuration, mutual complexity reads

aob V[ (TN 1 2
T 81Gan(d—1)| (d—1) \ () (2 + z)i2  gd-2  [d-2

(2d—2)

B 1 |:((d— 2)mhy +(2- d)C()) +5272 <(d_—2)7r[l +ey—(d— 1)CO>

2 + 2 — (21 + z)?
= |\ 2= e W(d—1) 26+ 2% — (@& + 2]

(3.112)

Furthermore, the change in mutual complexity 6C*+ = AC*+ — ACP¥" is obtained to be
Vs 1 (d —2)7by (d—2)rl,
6Ct =— 2 _d 2.2 C(d—1
x 20+ 2% — (20 +2)?] . (3.113)
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The relation between 6C! and §C+ reads

d—2)7b d—2)7
5C” [(g(dQ)l)bé + (2 - d)CO> + 5272 (2((d—12))2b0 <% - ) + Co — ng)]

- . (3114
5Cl (d=2)mby 2.2 [ (d=2)r]; ( )
(2 + (2= d)en | + 822 (S 4 00 = (d = 1))

To obtain the above expression we have used egs.(3.60,3.113). Similar to parallel case, we now
introduce the scaling 12" = Q‘C/TNJZ%QIACL and proceed to represent our findings graphically. This we
show in fig.(3.8), where we set d = 3, [ = 3 and 2z, = 10. Similar to the parallel case, the mutual

complexity in this scenario is also superadditive.

Pers for B=0.00 ——
P for =070 ——
T for p=0.88 ——

P for B=0.99

1 3 5 7 9

Figure 3.8: The above figure represents the variation of mutual complexity between two subsystems
taken perpendicular to the direction of boost with respect to the separation distance between the

subsystems for different values of boost parameter.

3.5 Asymmetry ratio of different holographic measures

In this section we compute asymmetry ratio of different information theoretic measures. For

entanglement entropy the asymmetry ratio is defined as

1 sal
Aspp = M ) (3.115)
0SEp +0SEE
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By using eq.(3.21) and eq.(3.74), Ag,, can be computed. This reads

52,}/2
o+ )

It is clear from the above result that the asymmetry ratio for HEE is independent of the subsystem

Aspp = (3.116)

size. It depends only on the boost parameter and the value of the spacetime dimension. In the

large boost limit (5 — 1), eq.(3.116) can be recast to the form

d—1
‘ASEElﬁﬁl = d+3 (3117)
Similarly, the asymmetry ratio for mutual information is obtained to be
o1+ — o1l 22
A b (3.118)

Tt oIl T (24 T2
In the above computation, we have used eq.(3.34) and eq.(3.88) to get the explicit expression. The
above result again implies that A4; is independent of the subsystem size. Again in the large boost
limit (8 — 1), eq.(3.118) reads

d—1
- 11
Arlgsr = (3.119)

The results given in eq.(s)(3.118,3.119) are similar to the ones we have obtained for HEE. This is
quite natural as HMI is nothing but a certain combination of the HEE. On the other hand, the
asymmetry ratio for the entanglement wedge cross-section reads (we use eq(s).(3.33,3.81))
2.2 by
 SEL —6E), el [1—2%]

Agy, = . (3.120)

SEjy + 6By (1—22—;)+@[1+2,’;—;—4g—3]

In the limit § — 1, the above expression simplifies to the following form

Apy | -2 (3.121)
EW ﬂ—)l = b T . .
1f2h 4l

From the obtained expression, given in the eq(s).(3.120,3.121), it is clear that the asymmetry ratio
for EWCS is independent of shape and size of the subsystem. Asymmetry ratio for the HSC reads
212]

2-d 1
00y — (50‘”/ | 2@=0)%E T 2[@—1)3 (a5

— Asg
2—d R+2d—5 EE
3Ot + 60y, 3@-1%2 | 2@-13 (a4 %

oy (3.122)
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where Ag,, is given in eq.(3.116) and R is

0She _ 1+ 5
55}%]3 1 4 d+1ﬁ2

R = (3.123)

The above result corresponding to HSC, matches with the ones given in [212]. In the limit § — 1

eq.(3.122) reduces to
2-d 1
2(d—1)32  2(d— 1) e | d—1

27 +H2d-5 d+3°
2(d— 1)3b2 + (d 1)3(d+1)b2

Acy g1 = (3.124)

Now by using eq(s).(3.50,3.102) the asymmetry ratio for entanglement negativity for disjoint in-

tervals is obtained to be

SE+L o 5E|| 2.2d=1
By, = ot s T (3.125)
is 5E]J\}di5 + 6ENdis (d + 1) + /6 ’Y T

On the other hand, for adjacent intervals the asymmetry ratio for the entanglement negativity
reads

L l _
5ENadj B 5ENadj _ /82’)/2(171
5 Efvadj + 65 Ez”vadj (d+1) 4 p2y2 L2

Apy,, = (3.126)

It is interesting to observe that for both the adjacent and disjoint interval case, the asymmetry
ratio for entanglement negativity is same and independent of the subsystem size. In the large
boost limit (5 — 1), both the eqs.(3.125,3.126) reduces to the following expression

d—1

. 12
d—3 (8.127)

AENdiS |Bﬁ1 = AENadj |5H1 =

Further, the asymmetry ratio for mutual complexity reads

B (éi? G e — (A= oo — g, <% - ) —e Cod)

Arc = .
2(2‘5;2)35,’31 +(2- d)cO> + 5292 (S22 + o — (d = D)oo + 542 (32— 1) + 0 — cod)
(3.128)
In the large boost limit (8 — 1), the above expression simplifies to the following form
A B <§(Z2(2d)7r11; + Cy — (d - ].)CO — 2(( )) e (2171 —_ ].) — C9 + Cod> 3 129

b
2b(2)(d—1) + Cco — (d — 1)00 + ( )Qbo (Qb_ol - > + Co — Cod>
We would like to mention that the asymmetry ratios computed in this section are bounded from

above [193] and the bound saturates in the large boost limit, that is, 8 — 1.
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3.6 AdS wave geometry

In this section we consider a very special class of geometry which arises from the boosted black
brane geometry in certain limit. Thus one can obtain the AdS wave geometry by taking the limits

B — 1,29 — oo in eq.(3.1), with the following condition

2.2
1
P fied (3.130)
25 2§

where z = 2; is an scale which determines momentum of the wave traveling in the y direction. In

this limit, the boosted black brane metric (given in eq.(3.1) reduces to following [193]

1 dt?
ds? — S (__ + K(dy —w)? 4+ da? + ... 4 da? + dz2) (3.131)
with
K()—1+Zd (- (3.132)
I=trge=Urre )t |

We shall now compute various information theoretic measures of the conformal field theory living at
the boundary using the above geometry holographically. Here we will again consider two different
cases, first, the subsystem is taken along the boost and then the subsystem is perpendicular to the

boost. We follow the same approach as we have shown in case of the boosted black brane.

3.6.1 Holographic entanglement entropy
Subsystem along the boost

Similar to the parallel subsystem scenario of boosted black brane, let us consider a subsystem,
specified by the volume V,,;, = L2, with —% <y< %, and x1,...,2q-9 € [0, L] with L — oo.
Further we assume that in this case the length can vary only along the direction of the boost,
that is along y-direction and the lengths in other directions are taken to be fixed. Following the
same procedure as we have shown for the boosted black brane and by incorporating the thin strip
approximation we compute the HEE in this case also. This is obtained to be

Vier | (207 (L) b

— | 53 3.133
2Gn ao( z) T\, ) 22 (3133)
l Z

2~ - ~ g : (3.134)
1z _ 1—1(z2) (- 4L
2 |:b() 3 (ZI> (bl Il):| 2 <z1> <bo bo)
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where we have used the following relation




In the above Z; is the turning point corresponding to the pure AdSy,; geometry in the bulk.

In the second line we have use eq.(3.16) to express z,U in terms of z;. Now the change in HEE

(6S), = SI — §2%) is found to be

Vo [ 1 \? b
ssl . — 01 3.135
EE 2Gd+1 (2b0> 22’? ( )

Subsystem perpendicular to the boost

Now we consider a strip-like subsystem, perpendicular to the boost. The system is specified by
volume V' = ll,,...l4_5, with —é <z < é,O <y <l,and 0 < z; <. [, and [; is taken to be
very very large, that is [,,[; >> [. The length along x; direction changes and length along other

directions is fixed. In this set up, the HEE in terms of the subsystem size is found to be

260 d=2 aq l 2

to obtain the above result we have used the following result

Va2

Stp = Saiw+ =
EE d +2Gd+1

l _
5~ ~ “t . (3.137)

o, {1 + (j—j)d[l} {1 + (j—j)d[l]

Now we will compute change in the entanglement entropy (6S5; = Sgp—Shp ) using eqgs.(3.136,3.20).

The expression of 454, reads

sor, = Ve (LY (3.138)
EE 2Gd+1 Z}i 260 . .

Furthermore, we observe that 454, and 55% 5 are related by the following relation

2@1

55k = <?) 5Sl, . (3.139)

3.6.2 EWCS and Holographic mutual information

We now compute the EWCS and HMI by following the same procedure we have shown for the
boosted brane. To do that we have considered two disjoint subsystems of equal length [, separated

by a distance .
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Subsystems along the boost

When the subsystems are along the boost, the EWCS is found to be

Va-
Egv_ d—2

= 3.140
2G4 ( )

d—2 L b
% : 2) (wd12 @ +1x)d2) ' 512260)522 (2® = (20 +2)?)

On the other hand, HMI corresponding to this set up reads

V- 2 1 1 b 2 (20 +2)?
l(4: B) = —%2 Qb )42 - - - [ L :
I'(4: B) 1 40(2bo) (ld—2 =2 (2l+:p)d—2> MRCTNEE. ( 2 2
(3.141)
The changes in EWCS and HMI due to the presence of boost read
L b
Vi—a (% N E)
SE! = 2 _ (9] 2 3.142
W 2G 411 4(2bg)22¢ (#* = @ +2) ) ( )
Via by 2?2 (20 + x)?
sIl(A:B) = P 3.143
( ) 2G 411 (2b)22¢ ( 2 2 ( )

Subsystems perpendicular to the boost

When the subsystems are perpendicular to the boost, the EWCS is found to be

(2bo)d—2 1 1 1 I ) )
2(d —2) (:v“ JCTE x)“) REETOTNE (1 - b—o) (2L +2)* —a?] ] (3.144)

In this set up, HMI reads

Vs
Ey =
W 2G

Vs

d+1

I*(A:B) =

2 1 1 a
d—2 1 2 2 2
ao(2bg) (ld—2 p= e (2l+:17)d—2) + A 2ho)? (21 —z°— (2l + 2) )

(3.145)

We now compute the changes in EWCS and HMI due to the presence of boost. This reads

Vi—2 1 I
EL = 1—=1)1[2 22 3.146
6 W 2Gal+1 4Z?<2b0)2 ( bo) [( l+ x) ! :| ( )
SIY(A:B) = Yoz @ (20 — 2% — (2l + 2)?) . (3.147)

QGd_H Z?(QbO)Q
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3.6.3 Entanglement negativity

We now holographically compute the entanglement negativity for the AdS wave geometry. Firstly,
we consider two adjacent subsystems with lengths [; and [ and compute the entanglement neg-
ativity for this configuration. We then consider two disjoint subsystems with lengths [, and [5,

separated by a distance x.

Subsystems along the boost

When two adjacent subsystems of length /; and [, are taken along the boost, the entanglement

negativity is reads

1 1 1 b
2h, )42 + — )+ ! P2 —(,+1,)%)] .
a0(2bo) (l‘f‘2 1972 (L +1p)22 229(2by)? i+t = (h+h))

(3.148)

3 3 Vas

Nagj — g °div + 112G,

On the other hand, when we consider two disjoint subsystems (with length /; and [y), separated

by a distance z, the entanglement negativity is obtained to be

I 3 Vo i 1 1 1 1
= = 2h, — _
Nais 42G 404 0(2bo) ((z1 T T Gttt (hrhia)i? zi?
by
+ W ((ll -+ l')z + (12 + $)2 — (ll -+ l2 + l’)z — 332) (3149)

With the above expressions in hand, we can now proceed to compute the change in entanglement
negativity due to the involvement of the boost. This we do for both adjacent and disjoint case.

The findings are given below

I _ 3Va—aby
Nagj 16(200)2G g1 24
3 Vi by

sEl = 2 I 24 2 _ (I, +1 2 _ 22 . 151
N 42Gd+12(2b0)2zg((1+@+(2+"3) (h+1p+x)* — 2?) (3.151)

G+ 15— (b + )7 (3.150)

Subsystems perpendicular to the boost

Once again we consider two adjacent subsystems of length [; and I, in perpendicular orientation

with respect to the direction of boost. This leads to the following expression for the entanglement
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negativity

3 Vo 3 L1 1 1 ay
BN, = 75w + 55— [ao(2by) ~ B2 (I +1)
Yo = g [“0( " (z;Hﬂg—z <z1+z2>d—2>+zg<2bo>2(l+ 2~ (b))

(3.152)

Furthermore, when we consider two disjoint subsystems with length /; and [5 in the perpendicular
direction (with respect to the boost), separated by a distance x, we get the following result for the

entanglement negativity

3 Vi _ 1 1 1 1
By, = = 2bg) " - —
R ] K e e R e e B e )
3]
+ (2[)0)2Z§l ((ll + SL’)2 + (lQ + $)2 - (ll + 12 + $>2 - 1’2) ] . (3153)

Similar to the parallel case, we now compute the change in entanglement negativity (for both

adjacent and disjoint case) due to the boost. This reads

3 Vi—o ai
5E]J\_fadj - Z2Gd+1 Z?(Qbo)z (l% =+ lg - (ll + l2)2) .
3V,
OBY,, = So At Sl ((h+a) + (b +2) = b+l +2)° — 2%) (3.154)

Z 2Gd+1 Z?(Qbo)

3.6.4 Holographic subregion complexity

We now proceed to compute the HSC for the AdS wave geometry. Once again we will use the
formula given in eq.(3.53).

Subsystem along the boost

When we consider a subsystem of length [ in the direction along the boost, the HSC is found to

be
_1 d—3
cl Vio | 11 20%% [ T(5h) 1
v 87TGd+1 d—1 €d_1 (d - 1)2 F(ﬁ) ld_2
—cod + —— (L L) | 3.155
20(2b0)2(d — 1) [CQ Ot @ 1o (bo b0>] ] (3.155)
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and the change in HSC due to the presence of boost reads

V_ 1 (d—?)ﬂ' Il bl
soll, = a2 PN s A (N N E 1
Ov 87 G 22002 —1) |2~ T 2@ =iy \by Do (3.156)

This change in the subregion complexity can be related to the boundary field theoretic quantities

in the following way

- d+ a9, d—1)b2 (Il b )] —
P s = i1
5Cy = hd T AE - ——VAR (3.157)

where T, AE, AP are given in eq.(3.37).

Subsystem perpendicular to the boost

On the other hand, when we consider a subsystem of length [ in the direction perpendicular to the

boost, the computed expression of HSC reads

d—1 d—3
or o Vao | 11 27w [ (35) 1
v 87TGd+1 d—1 €d71 (d - 1)2 F(ﬁ) ld72
1 Wd=2)1 .,
— —1 S E———— . 1
@ | )+ s (3159

With the above expression in hand, we can compute the change in HSC due to the boost , in the

perpendicular set up. This reads

Ve 1
87G g1 23 (d — 1)(2b)?

5CE =

co — co(d —1) + %] I?. (3.159)

The change in the HSC (6Cj7) can be written in terms of the CFT excitation energy and entan-

glement temperature in the following way

2 = cold — 1) + 452

. )
SOL = — AE . (3.160)

draTx

3.6.5 Mutual complexity

In this section, we compute the mutual complexity by incorporating the HSC conjecture. We do

this by considering two subsystems of equal length [, separated by a distance x.

144



Subsystems along the boost

In this set up, we consider the equal length subsystems (separated by the distance x) are along the

direction of the boost. This configuration leads to the following expression of mutual complexity

-1 d—3
ACl = Vi 1 _Qd*QWdT ['(555) 9 . 1 1
Gapdn | (=12 \T(g) ) \I2 02t @+ a)*?
1 (d=2)r (L b 2 9 5
—cod+ o — ) | (2 — (2 161
2§(2b9)*(d — 1) [CQ O @ Do (bo bo> (2 + 2% = (21 +2)°) | (3.161)

Subsystems perpendicular the boost

We now consider that the equal length subsystems (separated by the distance x) are in a direction

perpendicular to the boost. The mutual complexity then reads

g (r(ﬁ) >‘”’( 2 11 )
(d — 1)2 F((zd—l—2)> jd=2 = pd-2 (21 + :B)d
Ii(d—2)

2(d — 1)b3

Vs

ACH =
871G a1

1

A 1)) 18

{CQ —co(d—1) + } (212 + 27 — (21 + 2)?)

The changes in mutual complexity due to involvement of boost can be written down with the help
of the above expressions. For the parallel set up this reads

scl = Vi 1 [62 — cod + d-2)r (ﬁ — b_1>

- 21 + 2% — (21 + 2)?) .
$7 G 20)(d 1) 2= 1) B b)) | 20T )

(3.163)

On the other hand, for the perpendicular set up, it reads

Vi 1

- o I(d—2)
87Gasr 23(d —1)(2b0)% | © "

L L
e = 2(d — 1)b?

(d—1)+ } (20 + 2° — (21 + 2)*)(3.164)

3.7 Conclusion

Now we make a summary of our work presented in this chapter. In this chapter we have computed
different measures of quantum correlation for mixed state holographically. It is to be mentioned
that, in the boundary CFT we have considered a strongly coupled plasma moving along a par-

ticular direction with constant velocity and the corresponding theory of gravity in the bulk is
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described by boosted Schwarzschild black brane. Thus by considering this boosted geometry in
the bulk we are able to investigate the effect of boost in different measures of quantum correlation.
By considering this geometry in the bulk theory we can look into the effect of IR deformation on
the quantum information theoretic measures. The bulk geometry we have considered in this paper
is the boosted black brane geometry with the direction of boost compactified on a circle. One
of the motivations to consider this geometry lies in the fact that this type of geometry leads to
Kaluza-Klein gauge charges.

The presencce of boost in a specific direction allows for the selection of subsystems either aligned
with the boost direction or oriented perpendicular to it. In this geometric setup we initially cal-
culate the holographic entanglement entropy for strip-like subsystems aligned both parallel and
perpendicular to the boost direction. These computations are carried out using the thin strip
approximation, as our focus is on determining the leading-order corrections (beyond pure AdS)
to information-theoretic quantities resulting from the introduction of the boost. The spacetime
geometry for boosted black brane suggests that, it is not a static one. So to compute the HEE we
use the HRT formalism instead of RT prescription. In this work we are interested in computing
the leading order change in HEE arises due to the boost. We observe that as long we are interested
to the leading order change in the HEE, both the HRT prescription and RT prescription produces
the same result. The reason for this is that the static minimal surface emerges as the dominating
piece of the HRT surface if one neglects the higher order terms. It is shown earlier that, one can
relate this leading order change in HEE to the CF'T excitation energy and pressure. This relation
gives rise to the thermodynamics like law as it introduces the notion of an entanglement temper-
ature. The boost on the bulk spacetime can be thought as a charged excitation in the CFT side.
A key observation is that the holographic entanglement entropy increases as the boost parameter
increases, both for subsystems oriented perpendicular to the boost and those aligned parallel to it.
A possible reason for this increase in the entanglement entropy can be an increase in the strip area
of the subsystem living on the CFT side. Furthermore, we have also observed that the change in
HEE for perpendicular strip is larger compared to the parallel one. This asymmetry arises due to
the difference in the ‘pressure’ of the CF'T in the perpendicular and the parallel case. It is to be
noted that, the pressure being more in the parallel case due to the effect of boost.

Keeping this result of HEE in mind we then proceed to compute the holographic mutual informa-
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tion between two disjoint subsystems of equal length. Then we move on to the computation of
EWCS (which is the gravity dual of EoP) in the similar setup. We have done our computation
for both the parallel and perpendicular scenario. We have graphically shown that, in both the
cases the HMI vanishes at a particular value of the separation distance (critical separation, z.)
for fixed subsystem length and boost parameter. This implies that, at this particular value of the
separation distance EWCS shows a phase transition from connected phase to disconnected phase.
We have also observed that, due to the inclusion of boost the HMI vanishes earlier comapred to the
B = 0 scenario, this implies that, the entanglement wedge also undergoes from connected phase
to disconnected phase at smaller value of the separation distance in compared to zero boost case.
The graphical representation shows that, the value of this critical separation decreases with the
increase in the boost parameter. We have observed this in both the parallel and perpendicular
setups. We have compared the results of HMI and EWCS graphically for both the parallel and
perpendicular case. This observation suggests that HMI for perpendicular configaration vanishes
earlier in compare to the parallel configaration for fixed subsystem length and boost parameter.
This in turn also means that the connected entanglement wedge gets disconnected earlier for per-
pendicular configaration. It is to be noted that, in the adjacent subsystem limit (if we take the
separation distance x — 0), the change in EWCS due to the boost is proportional to the change in
the HEE. Thus we relate the change in EWCS (arises due to the inclusion of boost) to the pressure
and excitation energy of the boundary filed theory by employing the the generalized first law of
entanglement. This results the thermodynamic like law for EWCS.

Then we proceed to compute the another measures of quantum correlation for mixed state, en-
tanglement negativity holographically. To compute Ey holographically, we consider two different
setups. First we consider two adjacent subsystems of different length and then compute Ey holo-
graphically by using the result of HEE. We find that, for adjacent subsystems Ey is a divergent
quantity. On the other hand for disjoint subsystems of different length, we observe that , Ey is an
UV finite quantity. To proceed further we consider that, both the subsystems have same length.
Then we polt this result of Fy for two disjoint subsystems of equal length with respect to the sep-
aration distance. We observe that, for disjoint subsystems of equal length entanglement negativity
vanishes at particular value of separation distance () for a fixed value of the subsystem length

and boost parameter. We have also found that, this critical separation z/, decrease with increase
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in the boost parameter. It is to be noted that due the effect of boost Ey vanishes earlier comapred
to zero boost scenario. Furthermore it is to be mentioned that, z, > ., this implies that, even
if the subsystems are not in the connected phase, Fy can still measures the quantum correlation
between them. This observations hold for both the paralle and perpendicular configaration. We
have also compared the result of negativity between the parallel and perpendicular case graphi-
cally. Furthermore we show that the change in entanglement negativity for disjoint subsystems of
equal length is related to the change in the HEE, in the limit adjacent subsystems. Thus we can
relate the this change in Ey with boundary field theoretic quantities similar to EWCS.

In addition to quantifying quantum correlations, we also calculate the subregion complexity for a
boosted black brane, enabling us to determine the mutual complexity. Our findings reveal that
the mutual complexity exhibits superadditive behavior in this scenario. Furthermore, we establish
a thermodynamic-like law for holographic subregion complexity (HSC) applicable to both parallel
and perpendicular strip geometries. Lastly, we investigate the AdS wave geometry, derived by
applying specific limits to the boosted black brane geometry. We once again compute the afore-
mentioned information-theoretic quantities for this geometry.

We conclude with a final observation regarding entanglement asymmetry. We find that the en-
tanglement asymmetry reaches its maximum for the AdS wave geometry, which corresponds to a
zero-temperature conformal field theory (CFT) at the boundary. This phenomenon can be un-
derstood through the concept of entanglement pressure. In the zero-temperature CFT, wave-like
excitations generate finite entanglement pressure along the direction of the wave, while the pres-
sure in the transverse direction vanishes. However, for a finite-temperature CFT at the boundary
(which corresponds to including a black brane geometry in the bulk), entanglement pressure also
arises in the transverse direction. As a result, entanglement entropy asymmetry emerges when
there is a uniform wave-like excitation or a uniform flow in the CFT. Boosted black brane systems
are utilized in this study because they are currently the only known examples suitable for analyz-
ing asymmetric systems. It would also be intriguing to investigate other systems, such as Bianchi

models, which exhibit more generic forms of asymmetry, to further explore these dynamics.
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3.8 Appendix A: List of beta function identities

In this appendix, we will give some useful integrals which have been used in this paper.
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where R = 1 — 2?2 and J;, Jo, K1, K, are given by

5= 4(d1_1) ((2d+ 1)bs — (d + D)by)
5 = m ((3 = 2d)by — 2(d + 1)(3 — d)by + 3(2d + 1)b) — g
1 d+2
TS VAU 4(d+— e
Ky, = _Q(fl:?)QCO + (d;r(;)_(dl);@cl + 8<dd_ By (3.166)
Note that B(m,n) = % is the standard beta function and we have used the identity
Bz, %)B(az + % %) - % . (3.167)
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Some more integrals are as follows

! 1 1—(d/2)
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We record some more identities given as
2 2+d
= (2 — . 1
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3.9 Appendix B: Expressions of A\, Ay, A3 and A4

In this appendix, we provide explicit expressions of A1, Ay, A3 and A4 which have appeared in our

analysis. This reads

() -
A = 5 3.170
bl d+ 1 d_+1 + 25+1
d— 2.2
& 5%y
Ay = [d+1} df 2577 (3.171)
d+1 " Td+1
L [H ) = (e k)
A3 = (3.172)
bl(d+1) d+1+52
3
Ay = 5 - (3.173)
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Chapter 4

Page curve, island and mutual

information

4.1 Introduction

Black hole physics has fascinated researchers since its discovery, generating immense interest. To
understand the physcis of black holes fully, one requires a complete theory of quantum gravity.
A key challenge in this context is the information loss paradox, which remains a significant issue.
Though it still remains unsolved, notable progress has been achieved recently via holography, a
fundamental aspect of quantum gravity. Since the paradox arises at the semiclassical level, so
to understand this completely one must go beyong this semiclassical framework. Our goal is to
understand the black hole information paradox and its recent progress.

It is very well known that, black holes classical solutions of Eistein field equation.Black holes are
the densest astrophysical objects, so massive that even light cannot escape their gravitational pull.
This classical view shifted when Hawking demonstrated in his groundbreaking work that black
holes can emit thermal radiation within the framework of quantum theory [213, 214]. If a black
hole emits particles without absorbing any, it will eventually leads to the black hole evaporation.
The evaporation of a black hole, as studied in semiclassical physics, conflicts with quantum me-
chanics because it transforms a pure state into a mixed state, violating the principles of information
conservation and unitarity. This confliction is given the name information loss paradox. However,

some researchers, including Hawking initially, thought quantum mechanics needed modification
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due to the accuracy of the calculations, today, nearly all scientists agree that quantum mechanics
must remain intact. The semiclassical approach is deemed insufficient, as quantum mechanics has
consistently described various theories accurately, and violating it would lead to significant issues,
such as energy non-conservation. We adopt this perspective here, assuming the calculations are
flawed and that moving beyond semiclassical physics is necessary to understand the underlying
reasons.

Another approach to understanding this paradox is through the Page curve [215, 216]. In this
framework, the paradox can be expressed using the concept of entropy rather than states. Specifi-
cally, it concerns the entropy of the radiation emitted by the black hole. The entanglement entropy
of the radiation increases over time as more particles are emitted. However, Page argued that to
maintain unitarity during evaporation, the entanglement entropy of the radiation must decrease
after a certain point. Based on this fact, the paradox can be expressed as follows: We must iden-
tify the appropriate semiclassical formula that ensures the entanglement entropy of the radiation
adheres to the Page curve. This means the entropy should initially increase, reach a peak, and
then decrease at a specific point, eventually returning to its original value.

A major breakthrough in understanding quantum gravity is the idea of holography. This concept
proposes that a theory of quantum gravity can be described in a space with one less dimension than
the physical space it represents. As a result, a region of spacetime is defined not by its volume,
as in quantum field theory, but by the area of its boundary. One of the most well known example
of holographic theory is the AdS/CFT correspondence. This relates a gravitational theory in the
AdS spacetime (which is also called as the bulk theory), to a conformal field theory (CFT) with
one less dimension (the boundary theory). This correspondence states that, physics on the both
sides are equivalent, therefore they can be related. One of the well known example of this duality
is that, black holes in AdS spacetime is equivalent to thermal states in the CF'T side. However, the
most important relationship for our purposes is the holographic entanglement entropy. Initially
inspired by the Bekenstein-Hawking entropy, this principle essentially states that the entropy of
a region in a conformal field theory is proportional to a specific area in the corresponding anti-de
Sitter spacetime. A modification of this relationship is the island rule, which is relevant for quan-
tum field theories coupled with a gravitational theory. Another key idea is entanglement wedge

reconstruction, which allows us to retrieve information about the bulk region of spacetime solely

152



from the data present on its boundary. This principle underscores the profound link between the
boundary and the bulk in holographic frameworks.

The application of holography to address the information paradox has led to significant and re-
markable progress. By leveraging the principles of holography, researchers have gained deeper
insights into how information is preserved in black hole evaporation. In [217, 218, 219], the au-
thors have obtained correct Page curve by considereing AdS black hole, with the help of holographic
principle of holography and island rule. It is to be mentioned that the island rule is semiclassical
formula. But its derivation needs inputs from quantum gravity. Thus it is belived that it the cor-
rect semiclassical formula to compute the entanglement entropy of radiation (or the fine grained

entropy).

4.2 Hawking radiation and the information loss paradox

In this chapter, we derive the key result that black holes emit a thermal spectrum of particles, a
phenomenon that lies at the core of the information paradox. It was first shown by Hawking in
[213, 214], by considering the quantum field theory in classical black hole spacetime. This result
gives rise to the black hole evaporation process, as the emission of particles causes black holes to
lose mass and eventually evaporate. In the same year, Hawking recognized that this evaporation
process implies a loss of unitarity and information, which contradicts the principles of quantum
mechanics. This realization led to the formulation of the information paradox, highlighting a
fundamental conflict between general relativity and quantum theory.
We now derive the spectrum of Hawking radiation by following [220]. Let us consider a black hole
with a spherically symmetric, static spacetime, characterized by an asymptotically flat metric of
the form

ds® = —f(r)dt* + d—TQ + r2d0? (4.1)

f(r)

In [221, 222], it was demonstrated that Hawking radiation can be studied through tunneling by

focusing solely on the radial trajectory. Therefore we restrict ourselves only to the (¢ — r) sector.

Now, we consider the massless Klein-Gordon equation in this background spacetime (given in
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eq.(4.1)). This results

g*"V,V,0 = 0

— o+ £ (0.0 + [0 = 0 (42)
To proceed further, we adopt the standard WKB ansatz of the following form
o(r,t) = e 7 8(rt) (4.3)
with
S(r,t) = So(r,t) + i R'Si(r,t) . (4.4)
i=1

Now, upon substituting eqs.(4.3, 4.4) into eq.(4.2) and considering the semiclassical limit, we

obtain (i.e. A — 0),
01So(r,t) = £F(r)0,So(r,t) . (4.5)

The positive sign corresponds to the left-moving solution, whereas the negative sign represents the
right-moving solution. Since the metric (4.1) is stationary, it possesses a timelike Killing vector.

Therefore, we choose the ansatz for Sy(r,t) as
S()(T, t) = wt + go(?") (46)

where w is the conserved quantity associated with the timelike Killing vector. Now substituting
the above ansatz in eq.(4.5) we get

So(r,t) = w(t £71.); r*:/Fd(:) . (4.7)

For further analysis, it is useful to introduce the null tortoise coordinates, defined as follows
u=t—ry, v=t+r, . (4.8)

It’s worth noting that by expressing eq.(4.7) in these above coordinates, which are defined both
inside and outside the event horizon, and then substituting into eq.(4.3), one can derive the right

and left modes for both regions. This results

<¢(R)> _ 6—%wuin; <¢(L)> _ 6—%wvin
(60 = et (5) = o (19
out out
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In the tunneling formalism, a virtual pair of particles is generated inside the black hole. One
particle from this pair can quantum mechanically tunnel through the horizon and is subsequently
observed at infinity. On the other hand the other particle moves towards the singularity. As the
particle crosses the horizon, the nature of the spacetime coordinate changes. This can be addressed
by using Kruskal coordinates, which remain well-defined on both sides of the horizon. The Kruskal

time T and space X coordinates, which are well-defined on both sides of the horizon, are given by

T, = ™) cosh(ktin) ; Xin = /i )in sinh(ktiy)

Tows = "o sinh(ktow) : Xous = €)% cosh(ktoy) (4.10)

where k is the surface gravity, given by k = @ Now these two sets of coordinates are related
T 7r

tin — tou o ) *)in — * Jou — 411

b (r:) () W (4.11)

Now, following the definition (4.8), we derive the relations that connect the null coordinates defined

on either side of the horizon. This yields

NG
Uin = tin - (T*)in — Uout — ZE

Vin = tin + (r*)in — Uout (412>

Under these transformations, the inside and outside modes are related by

(6), = < (o),
()= (), (413

Using these transformations, the density matrix operator for an observer outside the event horizon
can be constructed, leading to the derivation of the blackbody spectrum and the thermal flux
corresponding to the semiclassical Hawking temperature. To proceed further we consider the
Schwarzschild spacetime. To determine the blackbody spectrum and Hawking flux, we first consider
n non-interacting virtual pairs created inside the black hole. Each of these pairs is described by the
modes defined in the first set of eq.(4.9). Therefore, the physical state of the system, as observed

from the outside, is given by

W) =N

ni(f)>®

W) 5 NS e [l

ni ) (4.14)
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where N is the normalisation constant. Now we can compute the density matrix associated with

state |U). Therefore the expression of the density matrix reads
p = [¥) (¥

_ |N’2 Z Z 6—47er(m+n)

Keeping this density matrix in hand we can compute the reduced density matrix of the outgoing

® (4.15)

o2 (i

oY (2

Hawking radiation by tracing out the left part. This results

pr = Tri(p) = [NJ2 Y e [0 (nll] (4.16)
We can fix the normalisation constant by the fact that, Tr(pr) = 1. This yeilds
pr = (1= e757) 7 emsmton |y (0 (1) (4.17)

It is important to note that the calculation of the normalization factor depends on the nature of the
particle, whether it is a boson or a fermion. Our derivations so far correspond to a Klein-Gordon
field, meaning the particles have spin zero and are therefore bosons. Now keeping this density

matrix in mind we now compute the average number of particles. This results

1
Now indentifying energy E as w the temperature of the radiation is obtained as
T = L (4.19)
N 87TM]€B . )

The above temperature is nothing but the Hawking temperature corresponds to the Schwarzschild
black hole. So far, we have seen that black holes can emit radiation through a quantum mechan-
ical process, and this radiation is thermal. This process can continue until the black hole has
completely evaporated. However, this leads to a loss of information, which presents a significant
challenge in fundamental physics. To be more precise this violets the unitarity principle.

We assume that when the black hole forms, it is in a pure state. As it begins to emit radiation,
which is thermal, the system appears to evolve into a mixed state. After the black hole has com-
pletely evaporated, only the Hawking radiation remains. This was Hawking’s original statement,

but it implies loss of information, which challenges the principles of quantum mechanics. We begin
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with the initial pure state |¥) of the black hole. After complete evaporation, only the Hawking
radiation remains, described by the density matrix pg. It is easily seen that this density matrix
corresponds to a mixed state, which can be verified by computing the von-Neumann entropy. We

can compute the von Neumann entropy of the radiation using the expression
Sun(pr) = —Tr(prInpg) = —In |N|* + 8t Mw (n) (4.20)

where (n) is the average number of particles given in eq.(4.18). Identifying the partition function

Z as 1/|N|? the von-Neumann entropy of Hawking radiation can be written as
Sun(pr) =InZ +8rMw (n) . (4.21)

The above analysis suggests that, the von-Neumann entropy of the radiation is non-zero, that is
Sun(pr) # 0. This implies that the desnisty matrix pg describing the radiation is in a mixed
state. So, it is observed that, from an initial pure state |¥), we end up with a mixed thermal state
pr- Since no unitary operator U can describe the evolution of the black hole evaporation process,
the transformation from an initial pure state to a final mixed state implies a loss of information.
This apparent violation of unitarity, poses a major challenge to our understanding of quantum

mechanics and black hole physics.

4.3 Page curve

There is also another way to understand this information loss problem. One can look into this
problem from the entropic presprective. It was first demonstrated by Page to resolve the paradox.
Page urged that, in order to obey the unitarity the fine grained entropy of Hawking radiation
should follow the Page curve. In this section we discuss the concept of Page curve in details.

To understand the Page curve, it is essential to distinguish between fine-grained and coarse-grained
entropy. Fine-grained entropy, also known as von Neumann entropy, measures the quantum en-
tanglement of a system and is given by Sy, = —Tr(plnp). This entropy remains constant under
unitary evolution. On the other hand, On the other hand, coarse-grained entropy, often associ-
ated with thermodynamic entropy, accounts for the lack of detailed knowledge about a system’s

microstates. It typically increases over time obeying the 2nd law of thermodynamics.
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In this case the fin-grained entropy of radiation is identified with the entanglement entropy of the
matter field located on the region R outside the black hole. However, the thermodynamic entropy
of the black hole (Sgg) is related to the area of the black hole horizon [223, 224, 225].

Now we describe the information loss paradox for evaporating black hole. This is represented graph-
ically in the left panel of Fig.(4.1). This figure suggests that at the begining of the evaporation
the von-Neumann entropy of the radiation S,y (R) is zero, on the other hand the thermodynamic
entropy of the black is maximum. Now as time passes black hole statrs to evaporate. Deu to the
evaporation black looses mass, so the area of the event horizon decreases. This in turn means
that, the thermodynamic entropy of the black hole decreases with time, represented by black line.
However, the fin-grained entropy of the radiation monotonically increases with time (represented
by the red line). This implies the thermal nature of the Hawking radiation. Now there exists a
particular value of the observer’s time at which the Spy and S,n(R) are equal. This particular
time is known as the Page time. Upto the Page time, that for the time domain ¢ < tpgg, the
thermodynamic entropy of the black hole is greater than the fine-grained entropy of the radia-
tion. This implies in this time domain (¢ < tp,4), there is no paradoxial situation. But after the
Page time doamin, that for the domain ¢ > tpgg. it is observed that the fine-grained entropy of
the radiation exceeds the thermal entropy of the black hole, that is S,x(R) > Spy. This fact is
self-contradictory as the basic definition of coarse-grained entropy is associated to the fact that it
is obtained by maximizing the fine-grained entropy over all possible states .Therefore the paradox
appears just after the Page time. The above mentioned observation provides us an entropic way
to understand the paradoxical situation.

This naturally leads to the question of how the von Neumann entropy of Hawking radiation evolves
over time. This issue was elegantly resolved by the concept of the Page curve. The Page curve sug-
gests that, in order to preserve unitarity, the von Neumann entropy of Hawking radiation should
start at zero, increase monotonically until it reaches the Page time, and then decrease back to
zero, indicating the completion of the black hole evaporation process (depicted by the dotted line)
[226, 227]. The contradiction only emerges after the Page time as after this particular time one
usually gets S,n(R) > Sppy.

We wolud like to mention that, there are several different approaches have been proposed to ad-

dress and resolve this issue [228, 229, 230, 231].
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Figure 4.1: The left panel of the above figure represents the Page curve of evaporating black hole,
while the right panel depicts that of for the eternal black hole.

4.4 Island formalism to compute the fine-grained entropy
in gravitational back ground

In this section, we explore the methodology for computing the fine-grained entropy in a gravita-
tional background in details. We start our discussion by reviewing some historial results. Motivated
by the complexity of computing geometric entropy in higher-dimensional quantum field theories,
Ryu and Takayanagi proposed its holographic generalization in [74, 75]. This formulation, devel-
oped within the framework of the AdS/CFT correspondence, provides a more tractable approach,
as mentioned earlier. They proposed that the entanglement entropy of subsystem in the CF'T side
can be determined from a geometric quantity in AdS, which is significantly easier to compute.
However, this proposal was valid only for time-independent scenarios, where a time-independent
state in the CFT is mapped to a static spacetime in AdS. One year later, Hubeny, Ryu, and
Takayanagi proposed a covariant generalization of this prescription, extending its applicability to
time-dependent scenarios [232]. The conjecture was proven for the static case using gravitational
path integrals in [77] and for covariant case in [233]. The covariant version of the Ryu-Takayanagi

formula states that the entanglement entropy of a region A is proportional to the area of the

159



extremal surface X, which is anchored to the boundary of A and extends into the bulk spacetime.
The covariant version of the RT formula reads

Area(X)

Spr(A) =
4G

(4.22)

It obeys all the properties of entanglement entropy. This formula represents the leading-order
classical contribution to the holographic entanglement entropy that we aim to compute. The
quantum correction to this formula was first computed by Faulkner, Lewkowycz and Maldacena in
[234]. The leading quantum correction is determined by the bulk entanglement entropy between
Y x and its complement in the bulk, or equivalently, the entanglement entropy of quantum fields
confined within X x, where X x is d-dimensional volume in the bulk which is defined as 0¥ x = AUX.

Now incorporating this fact, one can write the quantum corrected formula for the HEE as follows

_ Area(X)

Sgen<A) - (d+1) + Sbulk(EX) + O(GN) (423)
4GV

where Spuk(Xx) represents the von-Neumann entropy of matter field localised on Xx. It is to
be noted that, this formula provides only the leading order correcrtion to the HRT fomula. This
formula is also refferd to as the generalised entropy. Now to incorporate all the quantum correction
to the expression of generalised entropy, we need to follow the proposal given in [235]. Roughly,
this procedure involves extremizing the entire generalized entropy rather than just the area term
and subsequently adding the bulk contribution as a correction. More precisely, the holographic

fine-grained gravitational entropy is given by

S(4) = min (e?c [Area(X>

—4GN + Sbulk(EX):| ) . (4.24)
Here, X is a (d — 1)-dimensional surface with the same boundary as A and homologous to A,
which extremizes the generalized entropy. This surface is referred to as the quantum extremal
surface (QES). Again Y x is d-dimensional volume in the bulk which is defined as 0¥ x = AU X.
The QES is referred to as a quantum surface, even though it is a classical surface, because it also
extremizes the term involving quantum fields. The procedure involves first finding all quantum
extremal surfaces (QES) that are extrema of the generalized entropy, and then selecting the one
with the smallest generalized entropy. However, it should be kept in mind that, this formula is

for effective field theory, hence it is a semi-classical formula. However, initially these formulas
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appeared in the context of AdS/CFT correpondence, but these formulas can be applied for any
spacetime. Their proof does not rely on holography but instead utilizes the replica trick in the
gravitational path integral. This implies that the fine-grained gravitational entropy can be used
to compute the entropy of a black hole in Minkowski spacetime, rather than being limited to an
AdS background.

Keeping the above discussion in mind, we now introduce the concept of the island formalism, which
provides a framework for computing the fine-grained entropy of Hawking radiation. The island
rule is a refined version of the fine-grained gravitational entropy, specifically applicable to QFT's
those are coupled to a gravitational theory. It was first propose in [219].Recently, the sophisticated
idea of entanglement wedge reconstruction from Hawking radiation has suggested that certain
non-trivial auxiliary regions within the black hole interior contribute to the fine-grained entropy
of radiation [218, 217, 219, 236]. According to the idea, the fine-grained entropy of Hawking
radiation is a generalized (quantum-mechanically corrected) version of the von Neumann entropy,
which includes the standard von-Neumann term along with an additional surface term [234] . This
surface is denoted as the quantum extremal surface (QES)! [235, 238, 239, 240].On the other hand,
the aforementioned auxiliary regions within the black hole interior are referred to as *islands®.
According to the recently proposed framework, the correct expression for the fine-grained entropy
of Hawking radiation is given by [217, 219, 230]

Area(0l)

S(R) = min e¥t{ e

+ S,n(TU R)} : (4.25)

In the formula above, ”"I” denotes the island region located within the black hole interior, and the
boundaries of this region define the quantum extremal surfaces, which we label as OI.

The origin of island formulation is related to the applicability of replica trick in presence of a
curved spacetime as the background. According to the replica technique, computation of the
von Neumann entropy of matter fields located on region R is to be performed by constructing the
partition function as the gravitational path integral on this replicated geometry [241, 242, 243, 244].
One of the saddle points of this path integral is the replica wormholes (associated with correct
boundary conditions) which connects different (replica) copies of the original spacetime. The

mentioned saddle points in turn lead us to the island formula (given in eq.(4.25)).

!These are quantum corrected version of the classical maximin surfaces [237, 232].
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Due to the fact that the island formulation has led us to the correct Page curve (compatible
with the unitary evolution), it has gained the reputation as an necessary formalism to be studied

[245, 246, 247, 248, 249, 250, 251, 252, 253, 175, 254, 255, 256, 257, 258, 259, 260, 176).

4.5 Role of mutual information in the Page curve

In this work 2, we give two proposals regarding the status of connectivity of entanglement wedges
and the associated saturation of mutual information. The first proposal has been given for the
scenario before the Page time depicting the fact that at a particular value of the observer’s time
t, = tg (where tg < (), the mutual information I (R, : R_) vanishes representing the disconnected
phase of the radiation entanglement wedge. We argue that this time is the Hartman-Maldacena
time at which the fine-grained entropy of radiation goes as S(R) ~ log(f), where /3 is the inverse of
Hawking temperature of the black hole. On the other hand, the second proposal probes the crucial
role played by the mutual information of black hole subsystems in obtaining the correct Page curve
of radiation. In [175], the role played by the mutual information has been probed in the context of
the fine grained entropy of Hawking radiation of BTZ black hole. It was shown that the condition
of vanishing mutual information between the subsystems leads to a time independent expression
for the fine grained entropy of the Hawking radiation which is consistent with the correct Page
curve. In this work, we present some more new insights and proposals. In this chapter we consider

two dimensional eternal black hole in Jackiw-Teitelboim gravity to carry out our analysis.

4.5.1 Gravitational set up: JT gravity + flat baths

Let us start by considering the two dimensional eternal black hole solution of Jackiw-Teitelboim
(JT) gravity [261, 262] which is coupled to a pair of flat thermal baths (non-gravitational space-
times). JT gravity is one of many solutions of the two dimensional dilaton gravity theory. The

generalised action of two dimensional gravity theory in the presence of dilaton reads [263, 264]

1
S T /V V=G [0R+U(6)(V)? + V()] da
+87TGN . V—h¢Kdx . (4.26)

2This work is based on [176]
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We can obtain the JT gravity solution can be obtained by the following choice of U(¢) and V' (¢)

U(6) =0 ; V(e)=2 (1.27)

where ¢ represents the dilaton field profile ¢(r) = 7. We can also obtain the CGHS black hole
[265] from the above action by considering different form of the functions U(¢) and V (¢) [264]. In
this work we only consider black hole in JT gravity.

The spacetime metric describing black hole in JT gravity reads

- 5 dr? (=)
ds ——f(?”)dt +m, f(’r‘) = - 7 +

The above metric is written in the Schwarzschild gauge. The Hawking temperature and thermal

(4.28)

entropy of the black hole in JT gravity are given by Ty = 7! = -~ and Spy =

272

#*Nl.
We now consider that, the black hole geometry described by the above metric is coupled to non-
gravitational thermal bath. Furthermore, we also assume that, the full spacetime is filled with
two dimensional conformal field. This method of connecting thermal baths to an eternal AdS
black hole ensures the implementation of absorbing boundary conditions for the outgoing Hawking
radiation [266, 229, 267].
To proceed further we now represent the above black hole metric in Kruskal coordinates. Therefore
the black hole metric in Kruskal coordinates reads (inside the AdS spacetime reads)

ds’; = —F?(r)dudv ; F*(r) = —% : (4.29)
We would like to mention that, the above metric is valid only in the graviatational region. Addi-
tionally, we assume that the influence of the curved spacetime governed by JT gravity diminishes
at a specific hypothetical cut-off distance, denoted as rg(z) = £, which lies within the AdS bound-
ary , depicted by the vertical lines in Fig.(4.2) and Fig.(5.4). Beyond this point, the spacetime
can be treated as flat, aligning with the description of the non-gravitational thermal baths. This
assumption helps in defining a clear boundary between the curved AdS spacetime and the flat bath
regions, simplifying the analysis of the system. The metric corresponds to the flat bath region can
be obtained by following the approach given in [236] and [256]. To ensure that the metrics associ-
ated with the thermal baths and the JT gravity spacetime are smoothly connected at the cut-off

boundary 7y = &, we extend the Kruskal coordinates into the bath regions. This extension is
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achieved by imposing the normalization condition on the tortoise coordinate, specifically requiring

that lim, . 7*(r) = 0. These conditions allow us to express the bath metric as follows [256]

/)

K2uv

dSQBath = —FQ(f,T)dUdU ; F2(€7T) = -

(4.30)

where £ = ar, and a > 1. Before we proceed further we specify the Kruskal coordinates. For the

right wedge (RW), this reads

R )

by o el (4.31)
and for the left wedge (LW) reads

P N C)

v = el () (4.32)

where k = 7 is the surface gravity.

4.5.2 Before Page time scenario: role of I(R, : R_)

In this section we focus on the before Page time scenario, that is, t,s < tp. As we have already
discussed that, before Page time there is no paradox. In this time domain Hawking saddel point
dominates and therefore the fine grained entropy of radiation can be computed by computing the
von Neumann entropy of the matter fields loacted on R = R, U R_. This is depicted in the
Fig.(4.2), given below. As there is no paradox appears in this time domain, we can neglect the
contribution of island to the von Neumann entropy of Hawking radiatiion. Therefore eq.(4.25)
suggests that, S(R) = S,n(R). The region outside the black hole is consists of two disjoint regions
labeled by R, and R_ (where the + signifies the right and left wedges of the Pensrose-Carter
diagram in Fig.(4.25)). The region R, are extended to spatial infinity from the inner boundary
by = (&£tp,b). Furthermore, we introduce the end points ey in order to regularize it, that is,
ex = (0,e). We will eventually take e — oo. This has been shown graphically in the Penrose

diagram given in Fig.(4.2). In this set up, the fine-grained entropy of radiation reads

Syn(R) = Syn(Ry UR_), R=R, UR_ . (4.33)
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Figure 4.2: The above figure represents the Penrose diagram of eternal black hole in JT gravity
attached with the flat auxiliary thermal bath. The R, regions have been shown in green with the

inner boundaries by = (£, b).

Additionally, since the state of matter across the entire Cauchy slice is in a pure state, we can

express S,n(R) as follows
Sun(Ry UR_) = S,n(R°) (4.34)

where R¢ is the complement region of R = R, U R_. Therefore, to calculate the entanglement
entropy of the matter fields (specifically, a free 2D conformal field theory) on region R = R, UR_,

we have to calculate the following
c
Sun(R°) = (§> log d(bs,b_) . (4.35)

The distance d(by,b_), given in the above expression can be computed explicitly from the metric
given in eq.(4.30) as the points by lie in the non gravitational sector. The expression of d(by,b_)

reads
d(by,b_) = 2F(&,b)e™ ® cosh(kty) . (4.36)

Now to compute the EE of Hawking radiation we have to use the above result in eq.(4.35). This

results the following expression

Sun(R) = Syn(RyUR_)

_ (g)log{(%> 7(€) cosh <%>] . (4.37)
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The result suggests that, at the early times (¢, < f), the von Neumann entropy of Hawking
radiation S(R) = S,n(Ry U R_) reduces to the following form

st) ~ (S (2) vr@] + () ()

(4.38)

However, on the other hand, at late times (tp > t, > ), where tp is the Page time, we obtain the

following form of S,y (R U R_)

Suv(R) =~ (g)mg{(g) f(é)}+(§) (%)

(4.39)

Now we would like to make few comments on the above analysis. It is to be noted that, as long
as the Hawking saddel point dominates, there is no contribution of island to the EE of Hawking
radiation, the entropy of radiation S(R) increases in both early and late times, with respect to the
observer’s time t,. In particular in the early times it increases quadritically with observer’s time,
that is S(R) ~ t7. On the other hand, in the late times, it increases linearly, that is, S(R) ~ t,.
This observation firmly agrees with the one shown in [268].

Further, we can calculate the von Neumann entropy of matter fields on the individual intervals

R, and R_. This can computed by the following expressions

Sun(Ry) = (g) logd(by,ey)

Suv(R.) = (g) log d(b_,e_) . (4.40)

To compute the distances mentioned in the above result we have to use the flat metric given in

eq.(4.30). The expressions of d(b;,e;) and d(b_,e_) read

dby.es) = \/2F(EB)F(E e)err ®cosh(sr (b)) — cosh(st)
= d(b_,e_) . (4.41)

Now we substitute the above result in eq.(4.40). This yields

Suv() = Suv(Ro) = (&) log [2 (%) ) {leosn () - comn (272 r}] - (4.42)
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Keeping this results in mind we now proceed to compute the the mutual information between the
matter fields located on the intervals R, and R_, (I(R; : R_)). We can compute this mutual
information I (R, : R_) with the help of eq.(4.37) and eq.(4.42). Therefore, the mutual information

between R, and R_ reads

IRy R) = Sun(Ry) + Sun(R-) = Sun(Ry UR-)

cosh (01} cosh ( 22t
= (5)108| (42) V7® o (557 ~eoh (),

3 2 cosh <%>

(4.43)

Keeping this result of I(R; : R_) in mind, we now move on to look at how I(R, : R_) behaves in
both early (t, < ) and late time (t, > f3).
Now, at the early time doamin (¢, < ), we find that the expression of I(R; : R_) reduces to

following form

IR R =~ (3) lng%) 70) cosh (2”7;@)}_5%11 (27”; <b>)
)

The above expression suggests that, at the early time doamin I(R, : R_) decreases with the time-

(4.44)

scaling ~ t7. However, at the late times (¢, > ), we obtain the following result of the mutual

information

) = ) o[ (2) ] o (220) 5]

(4.45)

It is to be noted that, at late times (t, > ), I(R; : R_) increases with respect to the observer’s
time ¢. It is also interesting to observe the fact that, at ¢, = 0 the mutual information between R
and R_ is nonzero. In particular, we find that, I(R; : R_)|y,—0 ~ 1.17, for [ = 107, b ~ o = 151
and r, = 10. This implies that, at the very beginning of evaporation, the mutual information
between R, and R_ is non-zero and the associated radiation entanglement wedge (R, U R_) is in

connected phase.
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Interestingly, one can note by looking at eq.(4.44) that there exists a particular value of ¢, at which
the mutual information will be zero and the entanglement wedge R, U R_ will be disconnected?®.
With this observation in mind, we give the following proposal [176].

Proposal I: Starting from a finite, non-zero value (at t, = 0), the mutual information between
R, and R_ vanishes at a particular value of the observer’s time (t, = tg).

The above proposal suggests that, we can find the explicit form of tg by using the expression
of mutual information given in eq.(4.43). According to the above proposal we have to solve the

following equation to find the form of ¢tz

I(Ry : R_) 0. (4.46)

|tb=tR

Now by solving the above equation we get the following form of ¢x
B *
o 2
tp = (ﬁ) cosh™ ! { <27r6—f(§)> cosh (L(b)) } .
2 L+ 51/ f(§) p

We would like to mention that, this particular value of observer’s time ¢, = tg is much smaller than

(4.47)

the time scale ¢, = . This in turn means that, this particular time-scale t, = tg is in the early
time domain as tg < . Before proceeding further, we now find the expression of S,y(Ry U R_)

at t, = tg. To do this we have to substitute the above result in eq.(4.37). This yields
2
( \/f(f))
27

_ 27r*(b)
Sh=tr(p UR_) = ¢ log | ————~%— cosh (—)
o (B ) 3% AG 5
27

Q

[T+ 53
_ (4.48)

B

To get the above result we have used the fact that Zi(@ > 1and b>ry.
Now we would like to make few remarks. We have found that the mutual information between

the matter field localised on Ry and R_, that is I(R; : R_) starts from a maximum value at the

3 As we know mutual information between two subsystems, namely, A and B satisfies the non-negative property,
that is, I(A : B) > 0. This means zero is the lowest possible value mutual information can have where the correlation

between A and B vanishes.
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begining of the evaporation process, then in the time domain 0 < ¢, < tg, I(R, : R_) decreases
with observer’s time. This implies that, the entanglement wedge associated to Ry U R_ is in the
connected phase during this time interval 0 < ¢, < tg. Then at t, = tg, the mutual information
between R, and R_ (I(Ry : R_)) vanishes excatly and the entanglement wedge of R, UR_ moves
to the disconnected phase. Once again it is to be noted that ty < . These findings strongly
suggest that, this particular value of observer’s time ¢, = tg is nothing but the Hartman-Maldacena
time tg). This observation agrees with the one given in [269]. Furthermore, the expression of

I(Ry : R_) at t, = [ (by substituting ¢, = f in eq.(4.43)), reads

I(R,:R.) = (g) log[(%) (€) cosh (27”;(1’))} .

(4.49)

The above result suggests that, the mutual correlation between R, and R_ starts to increase after

t, = tr. This can be observed from eq.(4.43).

4.5.3 After Page time scenario: probing the role of I(B, : B_)

In this section we focus on the after Page time scenario, that is, t,s > tp. In this time domain
replica wormhole saddel point dominates in the gravitational path integral. As we have mentioned
earlier, just after the Page time, island statrs contribute to the von Neumann entropy of Hawking
radiation. Thus to compute the von Neumann entropy of radiation after the Page time we have to
apply the formula given in eq.((4.25)). It can be observed that, the trem S,x(/UR) (in eq.((4.25)))
can be written as S,n(IURyUR_) = S,n(B+UB_). The regions of By are indetified as (b+ — a)
where ay = (£t,,a) are the boundaries of the island. This we can represent graphically with the
help of a Penrose diagram, as given in Figure (4.3). Now as we have mentioned earlier that, . This
in turn means that the expression associated to S,n(B+ U B_) can be evaluated by utilizing the

following formula [50]

d(ay,a_)d(by,b_)d(ay,bs)d(a_, b)] , (4.50)

Sn(BrUBL) = (&) o] d(az, b )d(a_.b)

To compute the explict form of S,y (B U B_) we need to substitute the expression of different

distances in the above equation. These distances can be obtained from the black hole metric (given
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Figure 4.3: Penrose diagram with the island region (depicted by red line) with the boundary
ar = (%ty,a), along with the By regions (in blue). The inner boundaries of the By regions

coincide with ay = (£t,,a), while the outer boundaries are located at by = (£t;,b).

in eq.(4.29)) and bath metric (given in eq.(4.30)) written in Kruskal coordinates. It can be shown
that for the eternal black hole in JT gravity, the expression of S,y (B, U B_) can be written as

SUN(BJrUB,) - S’UN(B+>+SUN(Bf)

27tg 27y

F O )+~ O(e ) (4.51)
where the expression of S,y (Bx) is given by

Son(By) = glog(d(bi, a)) . (4.52)

However, in recent works in this direction, it is shown that at the late times (¢,,t, > /), one can

make the following approximation [247, 270]

SUN(B+ U B—) ~ SUN(B+) + SvN(B—) : (453>

27rta,b
In obtaining the above result one ignores the trems O(e” 7 ). Now substituting the above

approximated result of S,n (B4 U B_) in eq.(4.25) with the correct area term and then performing
the extremization with respect to island parameter, we get time-independent expression of S(R),
that is S(R) = 2Sgy + .. (for a two-sided eternal black hole).

It is to be noted that the above late-time approximation (given in eq.(4.53)) indirectly gives the
hint of vanishing mutual correlation (only in the leading order) between B, and B_. Keeping this
in mind, we give our after Page time proposal [175]. This reads

Proposal I1I: The mutual information between the subsystems By and B_ vanishes once the island
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starts to contribute.

According to our proposal, we have

I(By:B) = 0
Sun(By) + Sun(B-) = Syn(ByUB-). (4.54)

Now using results given in eq.(4.50) and eq.(4.52) in the above result we have the following relation

involving the distances
d(a_,by)d(ay,b_) = d(ay,a_)d(by,b_) . (4.55)
Substituting this condition in S,y (R4 U R_) gives
S,n(By UB_) = glog(d(a+, by)d(a_,b_)) . (4.56)

By utilizing the gravitational metric provided in eq.(4.28) and the flat metric given in eq.(4.30),

we have the following explicit expressions

N

dlag,bs) = \/2F(a)F(E,b)ert ®)r (@) [cosh[m(r*(a)—r*(bm—coshwa—tb)]} (4.57)

N

d(ag,bs) = \/QF F(&,b)estr(®)+r(a) [cosh[/i(r*(a) —1*(b))] + cosh[k(t, + tb)]} (4.58)
d(by,b_) = 2F(&,b)e" ® cosh(kty) (4.59)
dlay,a_) = 2F(a)e™ @ cosh(kt,) . (4.60)

By plugging the expressions above into eq.(4.55)
to —ty = |r*(a) —r*(b)| . (4.61)

Now substituting the expression of d(a,by) given in eq.(4.57) and using the above condition in

eq.(4.56) we have following result of S,y(By U B_)

Sun(By UB_) = glog Kg) V(02— 1)@ —2)]| | (4.62)

The most remarkable aspect of the expression above is that it does not depend on time. Now, if

we insert the expression above into eq.(4.25) along with the area term, Ai%(lfl) = 2 X 5 and
then extremizing it with respect to the island parameter “a”, we obtain
2CGNl 1
a=ry+ —+ ... 4.63
o (REY L (1.69
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Inserting the extremized value of “a” from above in eq.(4.62) yields the final expression for the

fine-grained entropy of Hawking radiation. This results

(5", ()

2Spm | 329%,

. 2c SBH
SUN(R) = QSBH_ 3 log ( \/a) +

(4.64)
to get the above result we have used the fact that §ln(\/0z2 — 1) ~ —%111(04’%), since « is
large compared to 1. The result above for the fine-grained entropy of Hawking radiation is time
independent, which is necessary to achieve the correct Page curve in the post Page time scenario.
Additionally, it should be observed that the result above includes logarithmic and inverse power-

law correction terms [175]. Now substituting the extremised value of the island parameter “a”

(given by eq.(4.63)) in eq.(4.61), we get

ta - tb = <%) lOg (SBH) = tScr (465)

where tg., is the Scrambling time[271, 272]. On the other hand, the explicit expression of the Page

time is found to be
(38 B 3c\ 6
pr = (7‘1’0) SBH — (71') log (SBH) + ( 8) 27TSBH +

In the above expression, the leading piece is the familiar form of the Page time, where the rest

(4.66)

represent the sub-leading corrections to it.

We now provide a holographic interpretation of the above proposal. We suggest that shortly after
the Page time, when the replica wormhole saddle points begin to dominate over the Hawking saddle
point (which gives S(R) ~ t;), the entanglement wedge associated with B,y U B_ makes a phase
transition from connected to disconnected phase [4, 38, 114], which yields I(B; : B_) = 0. The
striking observation highlighted above indicates that shortly after the Page time tp, the replica
wormhole saddle points begin to dominate. This dominance coincides with the emergence of an
island in the black hole interior, leading to the disconnected phase of the entanglement wedge

B.UB_.
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4.6 Conclusions

We now present an overview of our results. In this work, we provide two proposals to investigate
the importance of mutual information in obtaining the Page curve. The first proposal focuses on
the pre-Page time domain. In this time domain, the Hawking saddle point dominates, resulting in
Sun(R) ~ tp in the late-time approximation, where t, > . Conversely, in the early-time regime
(t, < ), the von-Neumann entropy of radiation evolves as S,y(R) ~ t2. Keeping this result of
Syn(R) in hand, we move on to compute the von Neumann entropy of matter fields on the individ-
ual regions R, and R_. Based upon the obtained results of S,y (R ), Synv(R-) and Syn(R+UR),
we compute the mutual information (I(R; : R_)) between these two individual regions. Next we
proceed to analyze how the mutual information, I(R, : R_) behaves in both early and late times.
Inspired by this insight, we suggest that at a specific value of observer’s time, that is, t, = tg, the
mutual correlation between the matter fields on R, and R_ disappears, indicating the fact that,
the corresponding entanglement wedge R, U R_ becomes disconnected. Additionally, we observe
that tp < (8, that is, this time lies in the early time domain and that the von Neumann entropy
Sun(R)|t,=t, ~ log 8. These observations suggests that t5 is nothing but the Hartman-Maldacena
time tg,. On the other hand, it is also observed that after ¢, = tg, I(Ry : R_) starts to increase
which implies, the entanglement wedge of R, U R_ is in the connected phase.

We now make few comments about the second proposal, which is given for the after Page time
scenario. In this case, the replica wormholes emerge as the dominant saddle points, and the is-
land appears within the interior of the black hole. The recent studies indicate that, one needs
to incorporate the late-time approximation for S,y(By U B_) to derive the correct Page curve,
which in turn leads to the extremization condition t, ~ t, [247]. Motivated by this we propose
that just after the Page time when island starts to contribute to the fine-grained entropy radiation,
the entnaglement wedge associated with B, U B_ becomes disconnected. In other words once the
island starts to dominate, the mutual information between B, and B_ vanishes. This proposal
suggests that the mutual information between B, and B_ vanishes when t, — t, = tg.. where
tser 18 the Scrambling time [271, 272]. According to the proposal, as long as t, — t, < tg.., the

entanglement wedge of B, U B_ is in connected phase and once the condition t, — &, = tg., is

satisfied, the entanglement wedge of B, U B_ gets disconnected. We also find that this condition
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of vanishing mutual information leads to a time-independent expression of S,y (/U R) and we also
find the final expression of S,y (R) contains universal corrections (logarithmic and inverse power
law corrections). This in turn means that our proposals and observations related to mutual infor-
mation gives strong realization of the concept given in [269, 273].

To conclude, we propose that in the before Page time scenario, there is a particular time-scale at
which the radiation (R; U R_) entanglement wedge makes transition from connected to discon-
nected phase and in the after page time scenario, there is a time-scale at which the black hole
(B4 U B_) entanglement wedge makes the same transition. Furthermore, the above observations
can also be extended to higher dimensional scenarios with s-wave approximation in the conformal

field theory matter sector [274, 266].
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Chapter 5

Mutual information of subsystems and

the Page curve for Schwarzschild

de-Sitter black hole

In this work !, we show that the two proposals related to the mutual information of matter fields
can be formulated for an eternal Schwarzschild black hole in de Sitter spacetime. These proposals
also illustrate the status of the associated entanglement wedges and their role in obtaining the
correct Page curve of radiation.The first proposal is formulated for the pre-Page time domain,
which states that the mutual information between R}, and Ry, that is, I(R}; : Ry) vanishes at a
specific value of the observer’s time t,,, = ty (where ty < fg). We argue that this corresponds
to the Hartman-Maldacena time, at which the entanglement wedge associated to R}, U R}, gets
disconnected and the fine-grained radiation entropy has the form S(Ry) ~ log(8y). On the other
hand, the second proposal states that just after the Page time, when replica wormholes saddle
points dominant , the mutual information between B}, and By, that is, I(B}; : By) vanishes as
the time difference ¢,, — %5, equals the scrambling time. Holographically, this proposal indicates
the fact that, the entanglement wedge associated to Bj; U By gets disconnected at this partic-
ular time-scale. Furthermore, these two proposals guide us to the correct time evolution of the

fine-grained entropy of radiation, as depicted by the Page curve. We have also demonstrated that

!This work is based on [177].
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similar observations hold for the radiation associated with the cosmological horizon.

Hawking radiation is one of the most intriguing and enigmatic phenomena in theoretical physics,
arising from pair production occurring in the near-horizon region of a black hole[213].This phe-
nomenon has attracted considerable interest in modern theoretical physics. As a quantum mechan-
ical effect, its presence provides key insights into the microscopic foundations of general relativity.
This motivation has led to probing its quantum mechanical aspects, by computing the von Neu-
mann entropy of radiation [2]. However, the study of the von Neumann entropy of Hawking
radiation has, in turn, revealed a paradox. The paradox can be formulated as follows.

It has been observed that the formation of a black hole, resulting from the gravitational collapse of
a massive shell, corresponds to a pure state. This implies that, at the begining of the evaporation
process the von Neumann entropy of radiation is zero. Additionally, according to the principle of
unitary evolution, the final state at the end of the evaporation process must also be a pure state.
This implies that the von Neumann entropy must return to zero at the completion of the evap-
oration process. However, Hawking’s semiclassical analysis showed that for an evaporating black
hole, the von Neumann entropy of Hawking radiation monotonically increases with the observer’s
time [275], and it does not vanish even after the black hole has completely evaporated.

The paradox can also be understood in terms of the Page curve [215], which describes the time
evolution of the von Neumann entropy of radiation. It is suggested that a black hole forms from
the collapse of a massive shell initially in a pure state. Consequently, the entanglement entropy
(or fine-grained entropy) of the radiation® is initially zero. On the other hand, at the onset of
evaporation, the thermodynamic entropy (also known as coarse-grained entropy [223, 224, 225]) is
at its maximum since no radiation is present at the beginning. As time progresses, the fine-grained
entropy of the radiation increases, while the thermal entropy of the black hole decreases due to the
shrinking event horizon. Importantly, after a specific time known as the Page time, the fine-grained
entropy of radiation surpasses the black hole’s thermal entropy, leading to a paradoxical situation
where S,n(R) > Spy. This situation appears self-contradictory, as the definition of coarse-grained
entropy implies that it is obtained by maximizing the fine-grained entropy over all possible states.

This observation thus provides an entropic perspective on understanding the paradox.

2Notably, the entanglement entropy of the radiation corresponds to the von Neumann entropy of the matter

fields confined to the region R outside the black hole.
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A fundamental question concerns the correct time evolution of the von Neumann entropy of Hawk-
ing radiation. This was effectively addressed by the so-called Page curve, which proposes that,
to maintain unitarity, the von Neumann entropy of the radiation should initially be zero, grow
monotonically until the Page time, and then decline back to zero, signaling the completion of the
evaporation process [226, 227]. The contradiction arises only after the Page time, as beyond this
point, one typically finds S,n(R) > Sppu.

Several approaches have been proposed to address this problem while ensuring the unitary evo-
lution of radiation [228, 229, 230, 231]. Recently, the idea of entanglement wedge reconstruction
from Hawking radiation has proposed that certain regions in the interior of a black hole may be re-
sponsible for the fine-grained entropy of that radiation [218, 217, 219, 236].These auxiliary regions
are referred to as islands, while the surfaces at their boundaries are known as quantum extremal
surfaces (QES) [235, 238, 239, 240]. It is to be mentioned that the quantum extremal surfaces are
the quantum corrected classical extremal surfaces [237, 232].The fine-grained entropy of Hawking
radiation, in the presence of an island within the black hole interior, is determined by

Area(0I)

S(R) = min e)Iit{ Ten

+S,,N(IUR)} . (5.1)

From a semi-classical perspective, islands originate from the replica wormhole saddle points of
the gravitational path integral, imposed by appropriate boundary conditions. These saddle points
arise as a consequence of applying the replica method in a dynamical gravitational background
[241, 242, 243, 244]. This remarkable observation has led to the emergence of the island formulation
as a crucial framework for further investigation [245, 246, 247, 248 249, 250, 251, 252, 253, 276,
277, 254, 278, 255, 256, 257, 258, 279, 259, 260, 280, 281, 282, 283].

It is important to note that while most of the aforementioned studies focus on black holes in
asymptotically flat or AdS spacetimes, but recent findings suggest that our universe is de Sitter
in nature. Therefore, it is natural to explore the impact of a positive cosmological constant in the
context of the information paradox. With this motivation, we consider the eternal Schwarzschild-de
Sitter (SdS) spacetime as the black hole background in this work. Since these black holes are formed
during the early inflationary stage of our universe, the information paradox for Schwarzschild-de
Sitter black holes becomes a crucial issue to investigate. It also serves as an ideal toy model

for studying the global structure of isolated black holes in our universe, considering the current
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phase of accelerated expansion. De-Sitter space contains causally separated areas, resembling
the situation observed with black holes.As a result, an observer can only perceive the parts of
the universe contained within their own horizon. Additionally, cosmological event horizons both
emit and absorb radiation, known as the Gibbons-Hawking radiation. Generally, the entropy
generated by the cosmological horizon depends on the observer, unlike the case with black holes.
This arises from uncertainty about what lies beyond the cosmic horizon. In this study, we aim
to derive the accurate Page curve for the black hole horizon of the Schwarzschild-de Sitter (SdS)
black hole, as well as a Page-like curve for the cosmological horizon of that same spacetime. We
shall carry this out while keeping the island formulation in mind. It is worth noting that, in
addition to the approach (gravitational framework) we have adopted in this study, there exists an
alternative method (gravitational framework) to tackle this entropic paradox, referred to as the
doubly holographic setup [284, 285, 286, 287, 288, 289, 290, 291, 292]. Some very interesting works
in this set up can be found in [217, 246, 293, 294, 295, 296, 297, 298, 299, 283].

In earlier studies [175, 176] it was highlighted that the mutual information of various subsystems
plays a vital role in obtaining the correct Page curve of Hawking radiation. In particular, it is
worth mentioning that in [175], pointed out that just after the Page time, the mutual information
of matter fields localized on R, and R_ intervals vanishes, which ultimately results in a time-
independent profile of the fine-grained entropy S(R). Furthermore, in [176], the previous proposal
was analyzed in detail, and a new proposal was introduced concerning the saturation of mutual
information for various subsystems in the pre-Page time scenario. However, these studies were
solely confined to eternal black holes in AdS and asymptotically flat spacetimes. In this work,
we will investigate whether these proposals hold for eternal black holes in de Sitter spacetime.
However, it is to be noted that, our work does not account for certain subtleties in gravitational
theories, such as diffeomorphism invariance, which allows for an arbitrary definition of a subregion.
A discussion on this aspect can be found in [300, 301, 302] which shows that it can have important

implications to quantum gravity.

178



5.1 Brief discussion on the Kottler spacetime

In this section we would discuss briefly about the Schwarzschild black hole in de-Sitter spacetime.
It is a solution of Einstein’s vacuum field equation in the presence of positive cosmological constant
in (34 1)- spacetime dimensions. This solution is sometimes also denoted as the Kottler solution.

The metric of the SdS solution reads [303]

ds* = —f(r)dt* + ;Z(—T:) + 72(d6* + sin” 0d¢?);
M Ar?
fr) = 1- 27 - TT (5:2)

where M is the mass parameter and A is the cosmological constant. In terms of the AdS radius

the lapse function (f(r)) can be written as

f(ry=1——— . (5.3)

In the limit A — 0 (or Lags — 00), we can recover the asymptotically flat Schwarzschild spacetime.
We now proceed to discuss the horizon structure of the Kottler metric. The horizon structure of

SdS spacetime depends on the value of the cosmological constant (A). It is to be noted that, there

1

a2z beyond which the event horizon no

is a critical value of cosmological constant A = A..;; =
longer exists, and the solution is then referred to as a naked singularity. However, within this
range of cosmological constant, 0 < A < A (or ﬁ < ﬁg)’ there exists three different solutions
to f(r) = 0. Among these three solutions, only two are physically relevant [303, 304], one of them
is termed as the black hole horizon (ry) and the other one is known as the cosmological horizon
(re), re > rg. Furthermore, it is to be noted that, in the limit A — A.; there is a degenerate
horizon [303]. In this chapter, we only consider the range 0 < A < A..;; along with the following

form of the lapse function [305]

1
LidST

f(r) (rg —r)(r—ro)(r+rg+re) . (5.4)
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The expressions for the black hole horizon (ry) and cosmological horizon (7. )(in terms of the mass

parameter and the cosmological constant) are given by [304, 306, 307]

9 o arccos (3M \/K)
rg = ﬁ COS § + 3
9 o arccos (3M \/K>
r. = ——cos| - — : (5.5)
VA 3 3

To proceed further, we now express the metric in Kruskal coordinates. Since there are two dis-
tinct horizon choices, there exist two different sets of Kruskal coordinates. This arises because
the Kruskal coordinate transformations involve the surface gravity, which takes different values
for different event horizons. The surface gravity associated to the black hole horizon (ry) and
cosmological horizon (r.) are denoted by kg and k. repectively. Keeping this fact in mind, one
can express the metric in two alternative forms using the two different Kruskal coordinates. These
correspond to the black hole horizon representation and the cosmological horizon representation
of the metric.

To express the metric in Kruskal coordinates, we first introduce the light cone corredinates given

as follows
u = t—rr), v=t+r"(r) (5.6)
where 7*(r) is the tortoise coordinate, given as
r*(r) =agIn(lrg —r|) — a.In(|r —r.|) + ' In(r + rg + re). (5.7)

The expressions of ay, o, and o are given b
)

_ LidSrH
ag =
(re —rm)(2rg +7e)
L2
a, = Ads’e
(re —ry)2re+rH)
/ Lias(ra +7e)

B Cre+rg)2rg +10) (5:8)

We begin by presenting the black hole horizon description of the metric. The Kruskal coordinates

for the the right wedge of the black hole horizon are given by

Uy = —e rult=r"()
Vg = etulttr() (5.9)
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and for the left wedge it read
Uy = eru+r()
Vg = —e rult=r() (5.10)

where the expression of the surface gravity associated with the black horizon (kg) is given by

(re —7w)2rg +re) .

(5.11)

Ry =

Furthermore, we can derive the following expression for the Hawking temperature associated with

the black hole horizon

=) (2 )1
TH:;—H:<T TH)Q( rutre) 1 (5.12)

Furthermore, the expression of surface gravity and the Hawking temperature associated with the

black hole horizon in terms of the cosmological constant and the mass parameter read [307]

k= VA 1eurccos(?)M\/K) + g) (5.13)

1
4 cos (% arccos (SM\/K) + %) o <3

_ VA ! Ceos (L i
Ty = 27 | 3ons (% arccos(BM\/K) ; %) cos (3 arccos(SM\/K) + 3) . (5.14)

Further, the Bekenstein-Hawking entropy associated with the black hole horizon is given by Spy =

%. Finally, the metric for the black hole patch in terms of the Kruskal coordinates (given in

eqs.(5.9,5.10)) reads
2 _ 2 2002 . 2/ _ f(r) —2kpr*(r)
ds® = —F*(r)dUgdVyg +1°Q5 ; F*(r) = ——~e (5.15)

2
Kg

where the detailed expression of F(r) reads

2 2

re (2rg+re 101 Tc— T
F(r) = 2LassTa = o205 FEED (0 ) 2O ) (5.16)
r) = ) )
NG (2rg +re)(re —rH)

We now proceed to represent the metric in terms of the cosmological horizon. The Kruskal coor-

dinates for the right wedge of the cosmological horizon read
U, = —e helt=r"()

— ehelttrt(r) (5.17)

e}
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and for the left wedge, it read
efic(t4r*(r))

= —e et () (5.18)

o
|

The surface gravity (k.) and the Hawking temperature (7}) of the cosmological horizon read

(re =ru)2re+ru)

. = 5.19

: 2Lidsrc ( )
C c 2 C ]_

o= fe U TH)E reftrm) L (5.20)
27 4w L3 4sTe Be

In terms of the cosmological constant and mass parameter the expression of k. and T, are given

as [307]

ke = VA

1 1 .
4 cos (l arccos(SM\/K> B > — COS (§ arccos<3M\/K> _ §) (5'2”

s
3 3

_ VA 1 Ceos (L T
T. = 27 | G (% arccos<3M\/K> —%) cos (3 arccos(BM\/K) 3) . (5.22)

Furter, we can describe the cosmological horizon of the metric in terms of the Kruskal coordinates

as

d52 — _GZ(T)dUCdV'C + ’I“Qng : GQ(’I“> — me_%ﬁcr*(ﬂ (523)

2
Ke

where the conformal factor G(r) reads

T TH+2Tc 7‘3772
2LAdSrc ‘T.H — T|%(1_% 'rf{FZrH) (,r, + r, + TH)%(1+TC(2T7]_I<{:I’I‘C>)
e - : (5.24)
\/F (TC rH)(Qrc + T'H)

The two alternative descriptions of the Schwarzschild de- Sitter metric can be visualized using
Penrose-Carter diagrams, which depict the global causal structure of the spacetime.This is illus-
trated in Fig.(5.1), where the two physical horizons are indicated, either of which can be used to
equivalently describe the spacetime. In this work, our goal is to analyze the Page curve of radiation
corresponding to both Hawking radiation and Gibbons-Hawking radiation.This can be achieved
by isolating different patches of the spacetime through the introduction of a thermal opaque mem-

brane [308, 309, 310, 311, 312, 313]. These regions are commonly referred to as the black hole
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Figure 5.1: The above figure depicts the Penrose-Carter diagram of Schwarzschild de-Sitter space-
time where r = rg denotes the black hole event horizon and r = r. represents the cosmological

event horizon.

r=0 oo r=0

Black hole patch Cosmological patch

Figure 5.2: SAdS spacetime with thermal opaque membrane.

patch and the cosmological patch in the literature. We have shown this in Fig.(5.2). The primary
reason for introducing this thermally opaque membrane is that any of these Kruskal coordinates
are not capable of removing the coordinate singularities from both the black hole horizon and the
cosmological horizon simultaneously. Furthermore, the SAS spacetime has two distinct horizons,
namely the back hole horizon and the cosmlogical horizon. These can be regarded as two sepa-
rate thermodynamic systems, each with its own temperature. Therefore, they are not in thermal
equilibrium. For a non-equilibrium system, studying its thermodynamic properties becomes signif-
icantly challenging. To simplify the analysis, one must ensure that the system, whether the black
hole horizon or the cosmological horizon should be thermal equilibrium. This is achieved by the
thermal opaque membrane [308, 309, 310, 311, 312, 313].In a multi-horizon spacetime, a thermal
opaque membrane can be used to analyze one horizon while treating the other as a boundary. This
concept can be better understood by following the approach presented in [307, 312].

Now we briefly discuss the radial part of Klein-Gordon equation in SdS background. It can be
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shown that the radial part of KG equation in SdS spacetime reads [307, 312]

(=3 * ) V0 + V(o) =0 (5.25)

where V_ s is the effective potential which depends on the lapse function. Therefore, the expression

of the effective potential reads [307, 312]

oM A2\ [I(l+1) 2M A
— (122 4y
Vers ( r 3 )( 72 + 73 3)

It can be shown that the above expression of effective potential vanishes at the both the black

hole and cosmological horizon. In [307, 312], it was urged that, this effective potential can be
interpreted as the partition between the black hole and cosmological horizons. To visualize this in
the Penrose diagram, one can introduce the Kruskal time-like and space-like coordinates for the

black hole patch as follows
Ugs =Ty — Ry, Vu =Ty + Ry (5.26)
and similarly for the cosmological patch
U.=T.—R., V.=T.+ R, . (5.27)

Using the Kruskal time-like and space-like coordinates mentioned above, one can obtain the fol-

lowing. [307]

—UyVy = R%L —T: =¢¥um® (5.28)

~U\V, = R>-T?=¢>" (5.29)

The above results indicate that for r = constant, a hyperbola (membrane) in the Ry — Th(e)
plane can be realized in both the black hole and the cosmological patch.

On the other hand, it has been proposed that the analogue of a “defect” in wedge holography
corresponds to the “thermal opaque membrane” in a Schwarzschild-de Sitter eternal black hole.
Gravity can be considered sufficiently weak at these membranes since they are located far from
the black hole/de-Sitter patch. We now proceed to explore the role of mutual information between

various subsystems in the Page curve associated with a multi-event horizon black hole spacetime.
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5.2 Analysis for the black hole patch

We now proceed to investigate the Page curve of Hawking radiation for the Schwarzschild de-Sitter
(SdS) eternal black hole in (3 + 1) spacetime dimensions. As previously mentioned, to analyze
Hawking radiation, we must restrict our study to the black hole patch by introducing a thermal
opaque membrane to effectively freeze the cosmological horizon. We will use the metric form given
in eq.(5.15), which corresponds to the black hole horizon description of the SdS solution.
Furthermore we assume that, the entire spacetime is filled with conformal matter of central charge
c. More specifically, we consider the matter to be a free CFT. Additionally, we will incorporate
the s-wave approximation in the conformal matter sector [314, 315, 247]. The reason behind this
is that the process of the Hawking radiation is dominated by the s-wave modes. Under this ap-
proximation we can neglect the angular part of the metric. So we can compute the entanglement
entropy of the Hawking radiation by using the 2d CFT formula [50, 49]. Furthermore, the s-wave
approximation in the matter sector implies that we can neglect the massive modes of the matter
fields. This is justified because the entangling regions are widely separated, effectively reducing
the theory of conformal matter fields to a 2d conformal field theory.

In this work, our objective is to investigate whether the proposals presented in [175, 176], which are
limited to eternal black holes in asymptotically AdS and flat spacetimes, also hold for a spacetime
geometry with a positive cosmological constant. In this section, we specifically examine the black
hole patch of the Schwarzschild-de Sitter spacetime and investigate whether the results reported
in [175, 176] hold in this context.

As mentioned earlier, The black hole patch is equivalent to the Penrose diagram of the flat
Schwarzschild black hole embedded in the de Sitter spacetime with cosmological horizons in both
sides. We will focus on two scenarios here. Firstly, we will discuss what happens before the Page
time (£5%), then we will proceed to probe the after Page time scenario. In the before the Page
time scenario, we intend to discuss the role of mutual information between R}; and Ry (shown in
the Penrose diagram Fig.(5.3)) on the Page curve, as there is no island contribution in the entropy
of the Hawking radiation in this time domain. However, in the after Page time scenario one has

to consider the contribution from the island region which resides in the black hole interior.
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5.2.1 Before Page time scenario: the role of I(R}; : Ry)

In this section, we carry out our analysis in the pre-Page time scenario. As previously mentioned,
in the time domain 0 < tu, < t5"% no paradox arises. It is important to note that within this
regime, the Hawking saddle point dominates the gravitational path integral. Consequently, in the
pre-Page time scenario, there is no contribution from an island to the von Neumann entropy of
Hawking radiation. Therefore, for to,, < t5"% the entanglement entropy of the Hawking radiation

is determined by computing the von Neumann entropy of the matter fields in two disjoint intervals,

R}, and R?. This leads to the von Neumann entropy of radiation being given by
Sun(Ry) = Sun(Rf; U Ry), (5.30)

where Ry = R}, U Ry, with the + signifying the right and left wedges of the Penrose-Carter
diagram, as shown in Fig. (5.3).

We now specify the disjoint regions Ri. The endpoints of these regions are given by [ei : bi}
It is important to note that RE extends to spatial infinity (up to the thermal opaque membrane)
from the inner boundary b3 = (£t,,,by). To regularize this, we introduce the point e3;, defined
as e5; = (0,ey). Eventually, we take the limit e;; — oo. This set up can be decribed by the

Penrose diagram given in Fig.(5.3). In this configuration, that is, in the absence of an island, the

fine-grained entropy of radiation is given by
Sun(Ry) = Sun(Rj; U Ry) = Syn(RY) (5.31)

where RS, denotes the complementary region of Ry = R}, U Ry. In the discussion above, we
have assumed that the state on the entire Cauchy slice is a pure state.As mentioned earlier, we
consider the matter fields to be 2d free conformal matter, which can be obtained using the s-
wave approximation. Therefore the expression of fine-grained entropy of Hawking radiation in the

absence of island can be computed by the following formula

Sun(RS) = (§> log (b7, b7.) . (5.32)

We can compute the explicit form of the distance d(bj;,b;;), appearing in the above expression

by using the metric for We can determine the explicit form of the distance d(b};, b5;), appearing in

3Here “H” stands for the Hawking radiation or black hole radiation
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Figure 5.3: Penrose diagram describing the black hole patch of Schwarzschild de-Sitter spacetime
with thermal opaque membrane covering the cosmological patch. The Rﬁ regions are shown by
green curve with the inner boundary b3 = (£t,,,by). On the other hand, the blue line denotes

the complementary region of Ry = Rj; U Ry,

the above expression, by using the metric describing the black hole patch given in eq.(5.15). This

leads to the following result
d(bl;,by) = 2F (by)e™ b)) cosh(kyty,, ) . (5.33)

Substituting the above expression into eq. (5.32), we obtain the following form for entanglement

entropy of Hawking radiation

S’UN<RH> == S’UN(RJ]; U R;{)

= (9o [(%H) /T To) cosh (2%)} . (5.34)

The above result suggests that in the early time domain, that is in the domain ¢, < By, the

fin-grained entropy of radiation reduces to the following

Suv(Ru) ~ (§>1ogK%H) f(bH)]+(g) (QZ’I’H)Z. (5.35)

However, at late times (t,, > fg), the entropy of the Hawking radiation takes the following form

Sox(Ry) ~ (g)log[<%) f(bH)%(g) (%) (5.36)

The above analysis suggests that both in the early and late times the fine-grained entropy of

radiation increases with time. Furthermore, it is to be mentioned that, in the above analysis we

donot take the contribution of island. However, it can be observed that, the nature of this time
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evolution of S,n(Rp) is completely different for these two different time doamins. In particular, in
the early time S,y (Rpy) shows quadratic behaviour with time, that is S,y (Rpg) ~ tZH, and in the
late time domain it grows linearly in time, that is S,y (Rp) ~ tp,. This observation firmly agrees
with the one shown in [268].

Now we proceed to calculate the entanlement entropy of the matter fields localized on the individual

regions R}; and Ry;. This can be computed by using the following result
Sov(RE) = (g) log d(bt, eZ) . (5.37)

To obtain an explicit form of S,y(R7) we have to compute the distance d(b3;,e3; by using the

balck hole metric given in eq.(5.15). The expressions of d(bj;, e};) and d(bj;, ;) read

1
d(bi,efy) = [2F(bu)F(em)e™ ) (cosh(kpr*(by)) — cosh(kpty,))]? = d(by, ex) (5.38)
To get the above result we have used the fact that in the limit e — oo, r*(e) vanishes, that
is, Limit. ,o, 7*(e) = 0. Therefore, the von-Neumann entropy of matter field localised on the
individual regions Rﬁ can be computed by substituting the above expression in eq.(5.37). This

results

S (Rg) = (£) tos [2 (%)2 Flom) Flen) {\cosh (W’#SH)) ~ cosh (%) \}] (5.39)

Keeping these computed results of fine-grained entropies (given in eq.(5.34) and eq.(5.39)) in mind
we now proceed to find the expression of the mutual information (MI) between the matter fields

localised on the individual regions R}, and Ry. This yields

I(Ry : Ry) = Sun(Rjp) + Sun(Ry) — Suv(Rjy U Ry)

2rr* (by) \ 2ty
| cosh <—ﬁH H ) cosh <—6HH> |

= (g | (21 Ve G
N (3)1g (271') flen) COSh(ﬁ) (5.40)

Bu

To thoroughly understand the behavior of mutual information (MI) in both the early and late time
scenarios, we compute its form by considering the appropriate limiting cases. The expression of

mutual information in the early time domain (¢, < Bg), reads

I(R} : Ry) =~ (g) llog Kg—i) /F(en) cosh <2W‘#5’H)>} _ sech <27T;#I<{bff)>

() o]
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According to the above expression the mutual information at the early time decreases with the
observer’s time. In particular, in this time domain I(Rj; : Ry) decreases with the time-scaling
~ tgH. However, it is to be noted that, at the late times (¢, > fBp), the mutual information

between R}, and Rj; reduces to the following form

I(Rf; : Ryy) ~ (g) llog{@—i) f(eH)l — 2cosh (zw*(bH))e_(QZZH)] . (5.42)

Bu

The above result of I(R}; : Ry) suggests that, at the late times the mutual information between
R}, and Rj; increases with observer’s time. Interestingly, from eqs.(5.41),(5.42), one can observe
that there exists a specific value of observer’s time ¢, at which the mutual information vanishes.
This observation also reflects to the fact that, the entanglement wedge corresponding to R}, U Ry
will be in disconnected phase. This observation supports the following proposal given in [1706]
Proposal I: For an eternal black hole in de-Sitter spacetime, starting from a finite, non-zero
value (at ty, = 0), the mutual information between R}, and R}; vanishes at a particular value of
the observer’s time (t,,, =ty ).

According to the above proposal, we can obtain the explicit form of ¢ty (at this particular value
of the observer’s time the mutual information between R}, and Ry vanishes) we have to solve the

following equation
I(RI—’_} . RI_-I)|th:tH =0 (543)

where the expression of I(R}; : R};) is given by eq.(5.40). Now by solving the above equation we

get the following result of ¢ty

ty = (g—i) cosh™! { <1 %%5%) cosh (%T’#SH)) } : (5.44)

The above result of ¢y suggests that the time scale ¢y is much smaller compared to ¢, = By, that

is ty < By. This implis the fact that, this particular value ofobserver’s time scale ¢;,, = ty lies in
the early time domain. We now compute the expression of the von-Neumann entropy of hawking

radiation, at this particular time (¢,,, = tg), by using the above result in eq.(5.34). This results
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the following

ty =ty B c 2 QWT*(bH))
S R UR = =1 h
vN ( H H) 3 og L 5 —f(eH) CcOoS ( ﬁH
27
5 C(TH 2
~ -log|== - (=) . 4
cog | 3/ Ten | + £ (52) (5.49)

Now we would like to make few comments regarding the above analysis. According to the above
proposal the mutual information between R}, and Ry is non-vanishing for the time interval 0 <
to,; < tm. It is to be noted that, I(R, : R_) is maximum at ¢,, = 0 and then it starts to decrease
with the observer’s time t,, <ty and it vanishes exactly at ¢,,, = ty. This in turn means that,
the entnaglement wedge associated to Rj; U Ry is in connected phase in the time domain ¢, < tg.
Then, at t,,, = tg, as the mutual information between R}, and Ry vanishes, the entanglement
wedge associated to Rj;UR;; makes the transition to the disconnected phase. Once again we would
like to mention that tg < fSg. These observations strongly suggests that this time ¢y is nothing
but the Hartman-Maldacena time tg s, as reported in our previous work [176]. Furthermore, the
expression of mutual information, I(R}; : Ry) at ty, = By is obtained to be

I(R} : Ry) = (g) log {(g—i) v/ f(ex) cosh (%}fl{))] : (5.46)

The above result tells us that after the Hartman- Maldacena time, the mutual correlation between

R}, and Ry (I(Ry : R_)) starts to increase with respect to the observer’s time t,,.

5.2.2 After Page time scenario: probing the role of [(B}; : By)

In this section, we focus on the post-Page time scenario, specifically in the time domain where,
o, > tflage. As previously mentioned, just after the Page time, the replica wormhole saddle point
dominates over the Hawking saddle point in the gravitational path integral. Consequently, in this
time domain, the island begins to contribute to the von Neumann entropy of Hawking radiation.
Therefore, in the presence of island the fine-grained entropy of Hawking radiation can be computed
by using the formula given in eq.(5.1). It is to be noted that, the formula for fine-grained entropy
consists of two terms: the first term represents a geometric contribution, while the second term,

Sun(Ig U Ry ), corresponds to the von Neumann entropy of the matter fields.
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It is to be mentioned that, the fine-grained entropy of the matter field, that is, S,y (/g U Ry) obeys
the identity S,n(IzUR}, UR};) = Syn(Bj;UBy). We can specify the regions of B by (b3 — a7;)
where a}; = (dt,,,,ar) are the end points of the island. This set up is described by the Penrose
diagram, given in Fig(5.4. As mentioned earlier, in this study, we consider a 2D free conformal
field theory (CFT) as the matter sector. So to compute the explicit form of S,y(Bj; U By), we

must use the following formula for the entanglement entropy of two disjoint subsystems [50]

- d(at;,ar)d(bl, bh)d(af;, b )d(ay, by)
Sy BtuB:) = ¢ 1 H>"H HYH g w0
N( H H) <3> og[ d(aftnbz})d(a;pb}})

To explicitly compute the entanglement entropy of the matter fields, we substitute the distances

(5.47)

Figure 5.4: Penrose diagram of the black hole patch (with thermal opaque membrane covering
the cosmological patch) with the island region (denoted by red region) with outer boundary afl =

+t, ., ay). The radiation regions (R%) are shown by the green line.
H g H Yy g

into eq.(5.47). These distances can be determined using the black hole metric given in eq.(5.15).
Recent works in this direction suggest that at late times (t,,,, o, > B ),the following approxima-

tion can be made [247, 270)]
Sun(Bf; UBy) = Sun(Bf) + Sun(By) (5.48)
where
Sux (B7) = (5 ) log d(bF, ) (5.49)

Now substituting the above approximated result of S, x(Bj; U Bj;) in the expression of fine-grained

entropy of radiation given in eq.(5.1) and then extremizing this result of S,n(Ry) with respect
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to the island parameter one can obtain a time independent result for the fine-entropy of Hawking
radiation in post Page time regime. In particular, by following this one can obtain S(Ry) =
2Spg + ... . This has already been shown in [307, 276].

However, in [175, 176] it was mentioned that, to get the approximated result of S,y (B3) given in
eq.(5.48), one needs to igonre the terms ~ 6_27;7;1. Therefore this approximation suggests that,
the mutual information between B}, and By , that is I(B}; : By) (I(B}; : By) = Sun(Bj;) +
Sun(By;) — Sun(Bj; U By)), vanishes approximately. In other words this approximation suggests
that I(Bj; : By) vanishes only at the leading order. It is also to be noted that, if the contribution
of these terms are taken in account, then this leads us to a time dependent expression of S,n(Rpg).
We have addressed this issue in our previous works [175, 176]. Based upon our previous work, we
now extend our analysis to de Sitter spacetime by introducing the following proposal.

Proposal II: For a spherically symmetric static eternal black hole in de-Sitter spacetime, the
mutual information between Bj; and By vanishes exactly, just after the Page time when the island
starts to contribute.

Holographically the above proposal implies that just after the Page time, when the replica wormhole
saddle points starts to dominate, the entanglement wedge of B}, U By makes the transition from
connected to disconnected phase [4, 38, 114] and this results in I(Bj; : By) = 0.

Now, the above proposal suggests the following

I(Bf; :By) = 0

Son(Bi) + Sun(By) = S.n(BLUBj) . (5.50)

To proceed further, we have to substitute the expressions of S,y (B3) and S,y (Bj; U By) (given

by eq.(5.49) and eq.(1.43)) in the above condition. This results
d(ag, by)d(ag,bfy) = dlaj, ag)d(by, by) - (5.51)
Substituting this above result in the expression of S,y (Bj; U Ry) (given in eq.(1.43)), we get

_ c -
Sun(Bj U By) = 3 log (d(aj;, bf)d(az, by)) - (5.52)
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To proceed further we need to calculate the explicit form of various distances. One can compute

these distances by using the metric describing the black hole patch, given in eq.(5.15). This yields

1
2

d(afl, bﬁ) = \/QF(aH)F(bH)eNH(T*(bH)+r*(aH)) [COSh[KH(T*(&H) —1*(bg))] — cosh[kg(ta, — th)]]

N

A b)) = /2P () F(by)erse (o) | coshlirs(r* (a) = 1 (bu))] + coshli(tay, + i)
d(bfy,by) = 2F(bg)e™™ ) cosh(kyty,)

d(af;,ay) = 2F(ag)e™" @) cosh(kpyty,,) . (5.53)
The above results of these distances indicate that

d(ajy,by;) = d(ay,by)
d(ajy,by) = d(ag,bf). (5.54)

Therefore, by substituting the above result in the expression of S,y (B;; U Bj;) (given in eq.(5.52))

we obtain the following result
+ 2 + ot

Now by plugging these expressions of distances in eq.(5.51) along with the result given in eq.(5.54),

we obtain the following condition
tay — toy, = [P (ag) —r*(by)| - (5.56)

The condition derived above is particularly noteworthy because it allows us to express t,,, in terms

of the other variables. Now by substituting this above result in eq.(??) we have the following result

(03U B = § 1ok (3 ) + & el e (o) (5.57

The most striking features about the above result is that, the matter field entropy is independent of

Area(0ly)

time. Now by substituting the above result in eq.(5.1) alongwith the area term, that is T

2
2 X ?Ga]f , we obtain the following expression of the fine grained entropy of the Hawking radiation

4raz; ¢ c
S(Ru) =2 % T+ o (%) + CloglFa) (bm)]

(5.58)
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We now aim to determine the value of the island parameter ‘ay’. This is achieved by extremizing

the result obtained above. This results

1

247 g

The above results indicate that the quantum extremal surfaces are located within the black hole
event horizon [307, 305]. However, for eternal black holes in AdS, it has been observed that these
surfaces lie just outside the event horizon [175, 176]. This distinction highlights that the positions
of the island endpoints differ between dS and AdS spacetimes. By substituting the above result
for “ay” in eq.(5.58), we obtain the following expression for the fine-grained entropy of Hawking

radiation

c\ 2
SUN(RH) = QSBH -+ Elog (SBH) — i + ... (560)
3 2Spn

From the above expression, it is evident that the result is time-independent and includes both
logarithmic and inverse power-law correction terms [175, 176]. Now substituting the expression of
“ag” (given in eq.(5.60)) in eq.(5.56), we get

taH - th = (%) IOg (SBH) = thr (561)

where t2¢" is the Scrambling time[271, 272] for the black hole patch. The remarkable observation
made above in turn tells that just after the Page time 1}, the replica wormhole saddle points start
to dominate and the emergence of island in the black hole interior leads to the disconnected phase
of the entanglement wedge Bj; U By, characterized by the condition given in eq.(5.61). On the

other hand, the explicit expression of the Page time is found to be

tZage = (3:%) SBH — (%) IOg (SBH> e
(5.62)

In the above expression, the leading term corresponds to the well-known form of the Page time,

while the remaining terms represent subleading corrections.

5.3 Analysis for the cosmological patch

In this section, we analyze the Page curve associated with the entanglement entropy of Gibbons-

Hawking radiation (GH radiation). To do this, we restrict our analysis to the cosmological patch
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while treating the black holes on each side as frozen. As in the previous section, we introduce
two thermal opaque membranes on either side of the black hole patch. The metric corresponding
to the region of interest is presented in eq.(5.23). Studies in this field have primarily focused on
black holes in asymptotically flat or AdS spacetimes. However, recent observations indicate that
the universe is expanding at an accelerated rate, exhibiting de Sitter-like characteristics. In this
framework, cosmological event horizons exhibit radiation emission and absorption similar to black
hole event horizons. This phenomenon is termed as Gibbons-Hawking radiation. In general, the
entropy creation of the cosmic horizon is an observer-dependent feature in contrast to the black
hole. It develops as a result of ignorance regarding what exists beyond the cosmological horizon.
Now carrying out our analysis in the cosmological patch we have to freeze the black hole patch by
introducing the thermal opaque membranes on the both sides. Once again, we will discuss two sce-
narios here, namely, the before cosmological Page time (t£29¢) scenario and the after cosmological

Page time scenario.

5.3.1 Before cosmological Page time scenario: The role of I(R : R,)

In this section we restrict ourselves to the pre cosmological Page time scenario. that is ¢, < t59e,
As mentioned earlier, in this time domain there is no cosmological island contribution to the fine-
grained entropy of GH radiation. Therefore the entanglement entropy of the Gibbons-Hawking
radiation (S,n(R.)) is given by the von Neumann entropy of the matter fields on R, = RFUR_, that
is Syn(R.) = Sun(RIUR,). The end points of the disjoint regions R and R, can be specified by
[e£ : bE]. However, these disjoint regions span from the inner boundary ,b* = (4, b.) to spatial
infinity (up to the thermal opaque). This can be regularised by introducing the points e, that is
eX = (0,e.). Tt is also to be noted that, at the end we have to take the limit e, — co. This set can
be visualized by the Penrose diagram given in Fig.(5.5). Now, to compute the fine-grained entropy

of the GH radiation in the before cosmological Page time doamin we have to use the following

result

Sun(Re) = S,n(RFUR.); R.=RSUR, . (5.63)
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Figure 5.5: The above figure rtepresents the Penrose diagram of cosmological patch of SdS space-
time with thermal opaque covering the black hole patch. The radiation regions RE are denoted
by the green line. On the other hand the complementary region of R. = R} U R, that is, RS is
depicted by the by blue line.

We again assume that the state across the entire Cauchy slice is pure, and thus the fine-grained

entropy of the GH radiation reads
Son(Re) = Sun(RFURS) = S,n(RS) (5.64)

where RS is the complementary region of R} U R, . Now, considering the s-wave approximation in

the matter sector, we apply the 2d conformal field theory formula, which is expressed as
Suv(Be) = Sux () = (5 ) log (B, 57) (5.65)

Now to proceed further we need to compute the distance d(b},b. ), which can be computed by

using the metric given in eq.(5.23). This results

d(bF,b7) = 2G(be)e™ " ) cosh(k,ty,) (5.66)

c)c

where k. denotes the surface gravity of the cosmological patch, given by eq.(5.19). Substituting
the above expression of d(b,b.) in eq.(5.65) we get the following result of fine-grained entropy of

c”c

GH radiation in the absence of island

S’UN<RC) = SUN(RC+ U RU

— (g) log [(%) f(be) cosh (27;3’)} : (5.67)
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We now retrace the steps outlined in the previous section to calculate the form of S,y (R.) for both
the early and late time regimes. In the early time domain (t,, < f3.), the expression of fine-grained

entropy of GH radiation (S,n(R.), given in eq.(5.65)) reduces to the following form

(5)1ox | (Z) viea] + (5) (27;”) . (5.69)

However, it is to be noted that in late time domain (t%9¢ > t, > f3.), the expression of S,y (R.)

Q

SvN(Rc)

reads

swir) ~ (5)e|(2) vim|+ (5) (). (5.69)

We again point out that, in the absence of the island the fine-grained entropy of GH radiation,
Syn(R.) displays a quadratic growth with time in the early time regime (t,, < £.), S(R.) ~ t7,
and it scales linearly with time, that is, S,y (R.) ~ t5,, in the late time regime (t£%¢ > t, > f,).
Additionally, the entanglement entropy of the matter fields confined to the distinct regions R}

and R, is determined by
c

3

By employing the metric on the cosmological patch given in eq.(5.23), we can compute the dis-

Son(RY) log d(bF, eF) (5.70)

c?c

tances. The expressions of d(bf, el) and d(b,, e, ) read

c e c? ¢

N|—=

d(b . el) = [2G(b.)G(ec)e” ) (cosh(k,r*(b.)) — cosh(kcty,))]

c?c

—d(bT,eD) . (5.71)

c?c

To get the above resukt we are using the fact that, in the limit e, — oo, r*(e) vanishes. By

bt e*

c’c

substituting the aforementioned expression of d( ) into eq.(5.70), we obtain the following

result

Sn(R2) = Sux(B7) = (£) 1og [2 (%) 007 {| cosh <27””5—<b)) — cosh (27;%) |}] (5.72)

We now proceed to compute the mutual information between R and R_ by incorporating the
expressions given by eq.(5.67) and eq.(5.72). This yields
IR RY) = Sun(RY) + Sun(R7) = Sun (BRI U RY)

= (5)ws | (57) VI osh (52 — cosh (%)

3 2 cosh <2Zbc)

(5.73)
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In a manner analogous to the black hole patch analysis, it is observed that, starting from a non-
zero value (at t,, = 0) , I(RS : R.) decreases with observer’s time ( with a time dependence of
~ t; ) in the early time regime, while in the late time regime (t,, > f.), (RS : R_) grows with
respect to the observer’s time ¢,,. This further highlights the existence of a specific time ¢, at
which the mutual information between R and R_ drops to zero, resulting in the disconnection
of the entanglement wedge corresponding to R} U R, . With this consideration, it can be argued
that the following proposal holds true for the cosmological patch as well

Proposal I: For an eternal black hole in de-Sitter spacetime, starting from a finite, non-zero
value (at t,, = 0), the mutual information between R} and R} wvanishes at a particular value of
the observer’s time (t,, =t.).

In this case, the expression of the time-scale ¢, is obtained by solving the following equation
](Rz_ : Rc_>|th:tc =0 (574)

where the expression of I(R} : R) is given by eq.(5.73). Therefore, solving the above equation
we get the following

(0 () )

We again observe that the time scale ¢. is significantly smaller than ¢,, = ., meaning t. < ..

(5.75)

This implies the fact that, the time scale t. belongs to the early time domain. Moreover, the

expression for S,y (RI U R ) at this specific time is given by

Sy (REURD) = glog

(Bc f(ec)>2
21 2 *
—cosh( il (bc))

14 Bc\/Q:‘r(ec) Be
Ve >] P e (—) (5.76)
| 27 ¢ 6 \b.) '

Now we would make few comments. It is to be noted that, for the cosmological patch as well, the

C
“
398

Q

mutual correlation between RI and R_ starts from a maximum value at ¢,, = 0 and remains non-
zero during the time interval 0 < ¢, < t.. Then at ¢;, = t., the mutual information disappears.This

further indicates that the connected phase of the entanglement wedge associated with Rf U R,
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becomes disconnected at t;, = t.. These results once more strongly imply that ¢. represents the
Hartman-Maldacena time for the cosmological patch. After this time (Hartman-Maldacena time)

the mutual information between R} and R increases with respect to the observer’s time.

5.3.2 After Cosmological Page time scenario: The role of (B} : B.)

c

Now in this section we once again proceed to study the post-cosmological Page time scenario. As
discussed earlier, immediately afte the cosmological Page time (££9¢), the island starts contributing

to the fine-grained entropy of Gibbons-Hawking radiation. Therefore in this time domain matter

Figure 5.6: The above Penrose diagram denotes the cosmological patch of SdS spacetime with the
thermal opaque membrane covering the black hole patch. The red line represents the cosmological
island surface with outer boundary a* = [+t,,, a.]. The radiation regions are denoted by the green

lines.

field entropy can be computed by incorporating the fact that, the matter part of eq.(5.1) satisfies
the property S,n(I.URTUR,) = S,n(B} UB.). Now we can identify the disjoint regions B by
(b — aF), where the endpoints of the island are denoted as aX = (+t,,, a.).The Penrose diagram
in Fig.(5.6) provides a clear visualization of this configuration. We now proceed by following the
steps outlined in the black hole patch scenario. As we mentioned earlier, the matter sector in this
study is take to be 2d free conformal field theory. Thus, the expression for S, (B U B.) can be

computed using the following formula [50]

S )= (s LA ML )

C crc

(5.77)
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To obtain the explicit form of the entanglement entropy of the matter field, we have to substitute
the distances which can be derived from the metric given in eq. (5.23). On the other hand,
the entropy of the matter field in the individual regions can be determined using the following

expression
Sux(BE) = (5)logd(bF,a?) (5.78)

Now, as discussed earlier in the black hole patch analysis, at late time the expression of S,y (B, U

B_) simplifies to the following form
Son(BFf UB.) ~ Sun(BS) + Sun(B,) . (5.79)

The aforementioned approximation is again based on the assumption that terms of the order

2wy,
~ e P can be neglected. This suggests that, at leading order, the mutual correlation between

B} and B_ vanishes. This finding aligns with what we previously observed in the black hole patch
scenario, indicating that the same proposal should also apply to the cosmological patch:
Proposal 11: For an eternal black hole in de-Sitter spacetime, the mutual information between the
between the matter fields localised on B and B, vanishes exactly just after the cosmological Page
time.

The above proposal leads us to the following condition
to, — to, = |7 (ac) — 7*(be)| (5.80)

By employing the same approach we have already outlined for the black hole patch, one can
determine the time-independent expression for the fine-grained entropy of Gibbons-Hawking (GH)

radiation based on the proposal provided above. This results

4da? 2
S(R,) = 2 x 42‘; + § log <?> + glog[f(ac) F(bo)] .

(5.81)

By extremizing the result above with respect to the cosmological island parameter a., we obtain

CGN 1
c=Te— | —— | —+.... 5.82
a T (247?)7“c+ ( )
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The result above suggests that the endpoints of the cosmological island, known as quantum ex-
tremal surfaces, lie inside the cosmological horizon [307]. Now substituting the above result in
eq.(5.81) we obtain the desired result of fine-grained entropy of Gibbons-Hawking radiation

() +... (5.83)

C
S(R.) = 25 —1 S, — .
(Re) a3 og (San) >Sem

Moreover, the extremized value of the cosmological island parameter simplifies the condition for

the vanishing of mutual information into the following form
_ ﬂc __ 4Ser
tac — tbc = | — log (SGH) = tc . (584)
8T

where 5" scrambling time for the cosmological patch. Furthermore, the expression of the cosmo-

logical Page reads [307]

30e

5.4 Conclusions

We now summarize our findings. In this work, we have investigated whether our previously reported
proposals [175, 176] hold in the case of eternal black holes in de Sitter spacetime. Initially, the
proposals were formulated for eternal black holes in both AdS and flat spacetime. In this work,
we have found that these proposals also hold for eternal black holes in de Sitter spacetime. The
motivation for considering an eternal black hole solution in de Sitter spacetime arises from the
intricate structure of its event horizon. As we noted earlier, for a specific range of the cosmological
constant, two distinct horizons emerge. In this work we have probed how mutual information
between various subsystems contributes to the Page curve for both Hawking radiation and Gibbons-
Hawking radiation, taking into account the latest advancements in the island formulation. It should
be noted that, given the presence of two distinct horizons, we must introduce the concept of a
thermally opaque membrane to study the Page curve for two different types of radiation. This
membrane facilitates the independent study of the two different radiations by dividing the whole
system into two regions, namely the black hole patch and the cosmological patch. Moreover, the
insights we gained from investigating the role of mutual information in our previous works, have

inspired us to propose two distinct proposals for both the black hole patch and the cosmological
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patch in Schwarzschild de-Sitter spacetime.

We begin by discussing the significance of these proposals by considering the black hole patch.
The first proposal addresses the regime in which the observer’s time is shorter than the Page
time (¢15%°). In this regime, there is no contribution of island in the entanglement entropy of
Hawking radiation. Therefore, the entropy of the radiation in this time domain is represented
by the von Neumann entropy of the conformal matter fields localised on Rj; U Ry. It is to be
noted that, we have assumed the s-wave approximation in the matter sector. Therefore we can
compute S,n(Rpy) = S,n(Rj;URy) by using the formula for 2d free CFT. Keeping this in mind we
have observed that, in the early time domain, that is for ¢;,, < By, the EE of Hawking radiation
Sun(Ry) exhibits quadratic nature (Syn(Rpg) ~ t;,) and in the late time domain (ty, > Bu),
it increases linearly with respect to the observer’s time (S,n(Rpg) ~ tp,). Then we proceed to
compute the mutual information between R}; and Ry, that is [(R}; : Ry;), by calculating S, (R};)
and S,y (Rj). Keeping this general result of mutual information I(R}; : Rj) in hand we move
on to investigate its behaviour in both the early and late time domain. We have observed that,
starting from the maximum value at ¢,, = 0, I(R}; : Ry) decreases with the observer’s time. On
the other hand, in the late time domain we find that I(R}; : Rj;) increases with respect to ty,,.
This nature of the mutual information motivates our first proposal, which asserts that there exists
a specific time , &, =ty (0 < ty < By) at which the mutual correlation between R}, and Ry
vanishes. This means that, the entanglement wedge associated to Rj; U Ry becomes disconnected.
It is to be noted that, at ¢,,, = ¢y, the entropy of Hawking radiation is proportional to the
logarithm of the inverse temperature of the black hole, that is SvN(RH)!thth ~ log Br. This
observation indicates that this particular time scale, tg, represents the Hartman-Maldacena time
associated with the black hole patch. It is also observed that, after the Hartman-Maldacena time
to,, = tu, I(R}, : Ry) starts to increase. This implies the associated entanglement wedge is once
again in its connected phase. We have also carried out the similar analysis for the cosmological
patch in the pre cosmological “Page time” scenario. For the cosmological patch also we have found
the Hartmann-Maldacena time ¢. at which the mutual information between R} and R vanishes.
Now we will discuss about our second proposal. This proposal is associated to the time domain
where the observer’s time is greater than the Page time. In case of the black hole patch, after

Page

the Page time (¢,"°), the entropy of Hawking radiation includes the island contribution. This
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inclusion of island contribution provides appropriate Page curve which portrays the time evolution
of the entropy of the Hawking radiation. Following the works in this direction, it has been noted
that to obtain the correct Page curve we have to use the late time approximation S,y (B}, UBjy) &~
Sun(B) + Sun(Bj;) [247) which can also be understood as I(B}; : By) but only at the leading
order. This approximation is associated to the fact that one has to ignore terms ~ e_%. This
creates a dilemma as the the core issue in this context is regarding time-dependency. However,
if these terms are incorporated one gets a time-dependent form of S(R) in the after Page time
scenario. We address this crucial issue by demanding that the inclusion of island (replica wormhole
saddle-point contributions) leads to the disconnected phase of the entanglement wedge associated to
Bj,UBy;. This in turns means that just after the Page time (¢%;), island in turn gifts us the vanishing
mutual information between B}, and Bj. This condition of vanishing mutual information, that

is I(B}; : By;) = 0 leads to the remarkable result t,, — t,, = t3" where 3¢ is the scrambling

"
time [271, 272]. Using the subadditivity condition of von Neumann entropy we can reforge our
observation in the following way. The entanglement wedge associated to B}, U Bj; is in connected
phase as long as t,,, —tp,, < t3", and when this time difference equals the scrambling time 3", the
entanglement wedge associated to Bj;UB}; jumps to the disconnected phase. Most importantly this
condition of vanishing mutual information condition gives us the time-independent expression of the
entropy of the Hawking radiation. Our proposals and observations related to mutual information
gives strong realization of the concept given in [269, 273]. For the cosmological patch also our
second proposal implies that after the cosmological Page time when the island statrs contributes
the entanglement wedge associated to B U B; is in the disconnected phase. Our proposal also
implies that for the cosmological patch we have t,, —t,, = t3¢, with ¢3¢ is the Scrambling time for
the cosmological patch. Similar to the black hole patch scenario, we also obtain a time independent
result of the entropy of the Gibbons-Haking entropy by imposing the condition of vanishing mutual
information between B and B, . Another interesting fact to point out is that in both of the cases

the quantum extremal surfaces lie inside the respective horizons. This behaviour is opposite to the

one we observe for the eternal black hole in AdS spacetime.
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Chapter 6

Summary of the thesis

In this thesis, we have investigated various aspects of the Anti-de Sitter/Conformal Field Theory
(AdS/CFT) correspondence, focusing on its fundamental principles, mathematical formulation,
and physical implications. Specifically, we have investigated the methods for calculating vari-
ous information theoretic quantities in strongly coupled field theories by leveraging the idea of
AdS/CFT duality. In particular we have computed entanglement entropy of strip like subsystem
kept at the conformal field theory side by applying the Ryu-Takayanagi prescription. Instead of
computing the entnaglement entropy from the field theory side, we have computed it by consid-
ering a dual gravity theory in one higher dimension. That is why this entropy is termed as the
holographic entanglement entropy. We have also computed the mutual information between two
strip like subsystem with the help of the result of the holographic entanglement entropy. Apart
from these quantities we have computed some measures of quantum correlation for mixed states.
In this context we have computed entanglement wedge cross section (which is the gravity dual of
the entanglement of purification), entanglement negativity. Apart from those quantities we have
also computed complexity and purification complexity holographically. We have computed these
mentioned quantities for N = 4 noncommutative super Yang-Mills theory, N = 4 dipole deformed
super Yang-Mills theory and uniformly boosted N' = 4 strongly coupled thermal plasma by con-
sidering their gravity dual within the framework of AdS/CFT duality. On the other hand, we have
also studied the information loss paradox by employing the recently proposed island formalism,
which provides a novel perspective on the resolution of the black hole information problem. In

these couple of works we have shown that, the mutual information between concerned subsystem
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plays a vital role in obtaining the Page curve. In this context we have provided two proposals in
two different time domains regarding the connectivity of entanglement wedge. In these works, we
have shown that our proposed methods accurately reproduce the correct Page curve for eternal
black holes. We have also found that our proposals hold for eternal black holes in both asymptot-
ically AdS and asymptotically dS spacetimes. We have considered the eternal black hole solution
in JT gravity as well as the Schwarzschild de-Sitter black hole to make our analysis.

In chapter (1), we have started our discussion with different measures of quantum correlation in
the context of quantum information theory. We start our analysis with von-Neumann entropy,
which measures quantum correlation, when the system under consideration is in the mixed state.
Keeping this concept of von-Neumann entropy in mind we move on to discuss the concept of mu-
tual information. Then we have also studied some measures of cquantum correlation for mixed
states. In this context we have discussed two quantities, namely the entanglement of purification
and entanglement negativity. We have also discuss the concept of quantum complexity (for pure
state) and purification complexity (mutual complexity for mixed state). Then we have moved on
to discuss entanglement entropy in the context of quantum field theory. Then we move on to
discuss the gauge/gravity duality. Keeping this discussion in mind, we then proceed to discuss the
holographic description of different measures of quantum correlation.

In chapter(2), we have computed these mentioned quantities for deformed N = 4 supersymmetric
Yang-Mills theory holographically. In particular, we have considered two different kinds of deforma-
tion, namely, the noncommutative deformation and the dipole defromation. For noncommutative
Yang Mills theory we have found that there exists a critical length scale (%, in dimensionless form)
which depends on the UV cut-off. This gives us a hint of UV-IR mixing. Furthermore, the domain
where the subsystem length (é, in dimensionless form) is larger than the critical length can be
devided into different regimes. We have computed different information theoretic measures for
different domains of the theory. We have found that, the holographic entanglement entropy has
different behavior in these two different domains. If the subsystem length is greater than this
critical length the HEE obey the area law. On the other hand if the length of the subsystem
is smaller than the critical length, HEE obey the volume law. However, in the domain é < %,
the divergent piece in the HEE depends on the subsystem length, this implies that fact that in

this domain HEE is not a finite quantity. On the othe hand in the domain é > %, the divergent
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piece in HEE is independent of the subsystem length, implying the fact that in this doamin the
divergent piece is universal. We have also ploted this result of HEE with respect to the subsystem
length. Furthermore, the computation of holographic mutual information (HMI) and EWCS for
two disjiont subsystems (in the domain ﬁ > %‘) suggests that the HMI between two subsystems
vanihes for a particular separation distance. This in turn means that the entnaglemnet wedge as-
sociated with the total system shows a phase transition from a connected pahse to a disconnected
phase. On the other hand in the domain é < % these qunatities are UV divergent. We have
also explored the UV-IR mixing property holographically. We have also carried out similar kind
of computation for finite temperature noncommutative Yang Mills theory by considering black
hole geometry in the bulk. On the other hand to compute these mentioned information theoretic
quantities for dipole deformed supersymmetric Yang-Mills theory we again consider a dual gravity
theory. In this case also we have found that there is a critical length scale. But in contrast to the
noncommutative case, in this case the critical length scale does not depend on the UV-cutoff. This
implies for dipole deformed theory there is no UV-IR mixing. In this case also we have computed
the HEE of strip like subsystem (placed at the boundary) by using the RT prescription. Simliar
to the NC case, here also we have observed that if the subsystem length is larger than this critical
length the HEE obey the area like law, and in the domain where the subsystem length is smaller
in compared to this critical length the HEE obey the volume like law. We have also expressed the
subsystem length in terms of the bulk corrdinate. Then we have ploted this result of subsystem
length with respect to the turning point and observed that for every subsystem length there exist
a unique turing point. This implies that for every subsystem there there is only one unique RT
surface. This feature is quite different from the noncommutative scenario. Then we have moved
forward to compute the HMI and EWCS bwteen two disjoint subsystems for two different domains
of the theory. We have observed that if the subsyestem length lies above the critical length scale
these quantities are finite and physically relevant. On the other hand if the the subsystem length
is smaller than the critical length these quantities are not finite.

Next, in chapter(3) we have computed different information theoretic quantities for strongly cou-
pled boosted plasma holographically. To do this we have consider boosted black brane geometry in

the bulk theory. The geometry suggests that the spacetime metric is not stationary. First we will

consider a strip like subsytem along the boost. To the compute the HEE of strip like subsystem
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(along the boost) we will use the HRT prescription instead of the RT prescription, because in this
case the dual spacetime metric is not stationary. Furthermore, we have compute the result of HEE
under the thin strip approximation. Then with this result of HEE we have computed HMI for two
disjoint strip like subsystem (along the boost) of equal lenght. In this setup we have also computed
the EWCS. We have represented the results of HMI and EWCS graphically. We have found that
for a particular value of the separation distance the HMI between two subsystems vanishes. This
implies the the fact that, the connected phase becomes disconnected. Furthermore we have also
found that HMI for boosted geometry vanishes earlier in comparison with unboosted geometry.
Then we have proceed to compute the entanglement negativity holographically for both the ad-
jacent and disjoint subsystems. This computation suggests that, the entanglement negativity is
divergent quantity for adjacent subsyatems. On the other hand the entanglement negativity for
disjoint subsystem in an UV- finite quantity and it vanishes for a critical separation between two
subsystems of fixed length. We have also found that due the boost the entanglement negativity
vanishes earlier. Now we have moved on compute the holographic sub-region complexity for a
strip like subsystem placed along the boost. Further for the mixed states we have computed the
complexity of purification with the help of the result of sub region complexity. Similar to parallel
case have also computed all the above mentioned quantites for subsystems placed perpendicular to
the boost. We have also made a comparative study of different results of mentioned information
theoretic measures in both the scenario. For the completeness of the study we have calculated
the mentioned quatitiies for “AdS wave” geometry. This geometry can be obtained by taking
appropriate limits of the boosted black brane geometry.

In chapters(4,5), we have provided two proposals regarding the saturation of mutual information
in the two different time doamins. In chapter(4), we have considered black hole solution in two di-
mensional JT gravity attached with flat thermal bath to carry out our analysis. The first proposal
is given for the pre-Page time domain. It was observed that, in this time doamin Hawking saddel
point dominates which leads to S,x(R) ~ t in early times (t, < ) and S,x(R) ~ t;, at late times
(t, > (). Then computing the von-Neumann entropy of matter field on the individual regions R,
that is S,n(R+) and S,n(Ry U R_), we calculated the mutual information between Ry, that is
I(R;yUR_). Then analyzing the nature of I(R,UR_) in early and late time domain, we proposed

that, the mutual information between R, and R_ vanishes at a particular value of observer’s
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time, ¢, = tg. This indicates the fact that, the entanglement wedge associated with R, U R_ be-
comes disconnected. However, it is to be noted that, this time scale lies in the early time domain,
tr << (. This particular value of observer’s time is reffered to as the Hartman-Maldacena time
(tga)- On the other hand, the second proposal is given for the post Page time scenario. In this
time doamin replica wormhole saddel points dominates and the island starts to contribute to the
von-Neumann entropy of Hawking radiation. Some earlier studies in this direction suggest that
late time approximation (that is, S,n(By UB_) &~ S,n(By)+ Syn(B_)) leads to the mutual infor-
mation, /(B : B_) vanishes in the leading order which in turn leads to extremization condition
t, = t,. Our proposal suggets that, just after the Page time when island starts to contribute the
mutual information between B, and B_, that is /(B : B_) vanishes exactly, which leads to the
extremization condition t, — t;, = ts + ... . The conceptual foundation of this proposal lies in the
observation that the replica wormhole saddle points (which account for the island contribution)
lead to a disconnected phase for the entanglement wedge associated with B, U B_. Consequently,
the mutual correlation between B, and B_ should vanish at all orders, rather than just at the
leading order as indicated in previous studies. This condition of vanishing mutual information B,
and B_ leads to a time independent result for the fine-grained entropy of Hawking radiation which
also includes logarithmic and power law corrections. Our proposal suggests that as long as the
time difference t, — t; is less than the scrambling time the entanglement wedge associated with
B, U B_ is in the connected phase which means (B, U B_) # 0. Then at t, — t, = ts + ..., the
entanglement wedge of B, U B_ becomes disconnected.

On the other hand in chapter(5), we have consider eternal Schwarzschild ds-Sitter black hole. The
motivation for considering an eternal black hole solution in de Sitter spacetime stems from the
intricate structure of its event horizon, which exhibits multiple causal boundaries, including the
black hole horizon and the cosmological horizon. In this work, we have investigated the validity
of our previously reported proposals [175, 176] in the context of eternal black holes in de Sitter
spacetime. While these proposals were initially formulated for eternal black holes in AdS and flat
spacetime, our analysis confirms that they remain applicable in the de-Sitter case as well. We have
separtely carried out our analysis in both the black hole patch and the cosmological patch. We
have made a similar observations (for both the black hole and cosmological patch) to what was

previously discussed in chapter (4).

208



In summary, the application of gauge/gravity duality within the framework of information theory
yields profound insights that cannot be achieved through conventional perturbative approaches
in field theory. In this thesis, we have primarily focused on key quantities such as entanglement
entropy, complexity, and measures of entanglement and complexity for mixed states. However, nu-
merous other information-theoretic quantities hold significant importance in their own right. Given
this, extending holographic techniques to study these additional quantities presents a compelling
avenue for future research. From the current perspective, it is evident that the holographic inves-
tigation of information-theoretic measures will play a crucial role in deepening our understanding

of the fundamental principles of nature.
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